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Dynamik der Kognition: Ein ACT-R Modell ning the teaching of arithmetic and the ACT-R architecture
zur Kognitiven Arithmetik itself. A formal analysis establishes that the simulation can
) . be viewed as a dynamical system whose ultimate learning
Zusammenfassung.Forschungsarbeiten zur Kognitiven A- o 1come is fundamentally dependent upon some architectu-
rithmetik untersuchen die mentale Ragentation von Zah- 5| narameters. Finally, an empirical study of the sensitivity
len und arithmetischen Fakten sowie die kognitiven Prozessgt the simulation to its parameters determines that the va-

die diese generieren, abrufen und manipulieren. Das Spafyes that yield the best fit to the data also provide optimal
nungsfeld zwischen der scheinbar einfachen formalen Struksa formance. The implications of these findings for the fun-

tur dieses Aufgabenbereichs und den Schwierigkeiten, dig;;mental adaptivity of human cognition are discussed.
Kinder bei seiner Bew@ltigung haben, stellt einen einzigarti-
gen Zugang zum Studium kognitiver Prozesse dar. Der vor
liegende Beitrag f@sentiert einen Erkfungsansatz der zen-
tralen Befunde des Forschungsgebietes auf der Grundlage ei-

nes ACT-R Modells zur Lebenszeit-Simulation des Erwerbsy |ntroduction
arithmetischen Wissens. Die Anwendung der Bayesischen

Lernmechanismen der ACT-R Architekiur zeigen auf, wie cognitive arithmetic studies the mental representation of
sich diese Befunde auf die statistische Struktur des Aufganympers and arithmetic facts (counting, addition, subtrac-
bengebiets ziickfuhren lassen. Aus den gmisen Vorher- i “multiplication, division) and the processes that create,
sagen der Simulation werden sowohl Hinweise zur Vermitt-access, and manipulate them. Arithmetic is one of the funda-
lung arithmetischen Wissens abgeleitet als auch Erkenntnissgantal cognitive tasks which humans have to master. Child-
tber die Architektur ACT-R selbst gewonnen. Im Rahmen ey g0 through years of formal schooling to learn first the
einer formalen Analyse wird gezeigt, daB sich die vorge-nympers, and then the facts and skills needed to manipu-
stellte Simulation als dynamisches System betractit | |3t them. Many adults have not and will never completely
dessen Lernergebnis unmittelbar von Parametern der Archiyasier the domain. And yet, it is a task that is trivial for com-
tektur ablangt. Eine Untersuchung der Sensitiwitier Para- 1 ters to perform correctly. Some tasks, such as chess, are
meter der Simulation belegt, dal3 die Werte, die zur bestep,rq for both humans and machines to perform and require

Anpassung an die empirischen Datéiiren, auch eine in  years of learning or engineering. Other tasks, such as vision,
einer optimalen Performanz resultieren. Die Implikationenyyhich seem to come naturally to humans, require much pro-

dieses Ergebnisiif die grundlegende Adaptidt menschli-  5-amming for computers to perform even poorly. One can
cher Kognition werden diskutiert. attribute that to humans possessing a complex vision system
which resulted from millions of years of evolution but will
Abstract. Cognitive arithmetic studies the mental represen-require painstaking work to reverse-engineer and replicate in
tation of numbers and arithmetic facts and the processes tha@bmputers. But a task such as arithmetic seems so straight-
create, access, and manipulate them. The contradiction beterward and easy to accomplish that it is surprising that it
ween the apparent straightforwardness of its exact formalakes years of learning for humans to master. This suggests
structure and the difficulties that every child faces in mastethat human cognition at the most basic level embodies some
ring it provides an important window into human cognition. assumptions about its environment that are at odds with the
An ACT-R model is proposed which accounts for the centralstructure of arithmetic as it is taught. Arithmetic, being a
results of the field through a single simulation of a lifetime formal mathematical theory, assumes a set of precise and
of arithmetic learning. The use of the architecture’s Bayesiarimmutable objects (numbers), facts, and procedures. Human
learning mechanisms explains how these effects arise fronsognition, on the other hand, has evolved to deal with ap-
the statistics of the task. Because of the precise predictiongroximate concepts, a changing environment, and adaptive
of the simulation, a number of lessons are derived concerprocedures. Studying how such a flexible system deals with
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a formal task such as arithmetic provides an excellent win-with many unanalyzed degrees of freedom. This paper pres-
dow to its assumptions and mechanisms. ents an ACT-R model that can account for the main effects
ACT-R is a hybrid production-system theory of human of cognitive arithmetic in a single simulation by exploiting
cognition (Anderson 1993; Anderson and Lebiere 1998). Atthe architecture’s learning mechanisms.

the symbolic level, ACT-R is a fairly standard goal-directed
production system, with a declarative memory of long-term
facts, known as chunks, and a procedural memory holding pata
general production rules. At that level, cognitive arithmetic

is a trivial task for ACT-R. All one needs to do is give ACT- There are two main classes of empirical phenomena in the

R the correct chunks representing arithmetic facts and progomain of cognitive arithmetic. One concerns the fact that

ductions encoding procedures to manipulate them and peijiyren and to a certain degree adults, approach answering
fect performance will result. This, however, would not be a

. . ; : arithmetic problems with two basic strategies. One strategy
very satisfactory model of human, especially children’s, per-is 4, simply retrieve the answer. The second strategy, refer-
formance and_|gnores the impact of ACT-R's SUb'symbql'Cred to hereafter as the backup strategy or backup computa-
level. ACT-R is also an activation-based system in which

. > tion, is to compute the answer. For example, given a problem
the performance at the symbolic level is controlled by real- b b'e. g b

. i ; ) such & 3 + 4children may choose to count (perhaps 4, 5,
valued quantities associated with each symbolic structureg 7) to provide the answer and given & they may choose
Those quantities are learned according to Bayesian princip;-

; ; : . fo add to get the answer (pertzap + 4 + 4).This class of
les to reflect the architecture’s environment. Retrieval an mpirical phenomena involves how people choose between
matching of memory chunks by production rules is a noisy,t

: . s he computation strategy and the retrieval strategy.
approximate process driven by activation rather than the ex- o 'second class of empirical phenomena involves the
act matching of conditions. Thus the behavior of the system, oo sjze effect.Children and adults take longer to ans-
becomes adaptive, stochastic, and error-prone, maiching hize, hrohlems involving larger numbers and they also make

man behavior better but making cognitive arithmetic a morey, e orrors on these problems. In the case of backup compu-
challenging, but also more interesting, task. Cognitive arith-

o . : i tation the reason for this is fairly obvious — one has to count
metic is a task that is both We”'su'teq and challenglng ©more to add large numbers and one has to add more things
ACT-R for a number of reasons. Unlike tasks artificially \ non myltiplying by a larger number. However, while much
deS|gne(_j for the purpose of isolating a partlcula_r Cogr?'t'\.’ereduced, the problem-size effect also occurs for adults. It has
mechanism, the learning and performance of arithmetic in

| hani £ th hi It is theref been suggested that this is due to residual use of the backup
volves most mechanisms of the architecture. It Is thereforey a4 (| eFevre et al. 1996), although recent research put

an excellent test of whether these parts can perform togeth%oSe results in doubt (Kirk and Ashcraft 1997). However,

as well as separately. Unlike laboratory tasks, large amountg e fndamental argument is that smaller problems also

of data are available for every cross-section of the populationy ..., mqre often, offering greater practice and thus better
a;}nd evedry gspect ofltheéask, making it easier to es’tabI'S'Berformance. This unequal problem distribution appears in
the trends being analyzed. . studies of textbooks (Ashcraft 1987; Ashcraft and Christy

While arithmetical concepts can refer to concrete ObjeCtSl995. Hamman and Ashcraft 1986; Siegler 1988) but also

and procedures (g.g., children learn the concept 3 by beinqn the world at large, as many (Benford 1938; Newcomb
shown three rabbits and subtract 2 from 3 by eating two ouj ggs. Raimi 1976) have noted. ' '

of three cupcakes), arithmetic also has a fundamentally ab- Ashcraft (1987) reports the change in response time for

stract structure. .It is much less Ii'kely that pepple have brair"addition problems in adults, differentiating between tie pro-
structures _opt|m|zed for performing arithmetic than, for ex- blems (equal operands), problems involving zero and other
ample, vision or language, and suggests a neqr-complete "fon-tie non-zero problems (Fig. 1). While most problems ex-
Ila_nce on general-purppse learning mechanlétﬁmce each hibit an increase in response time roughly corresponding to
skill builds on the previous ones, e.g., counting can be usege gqare of the sum of their operands, the slope for pro-
to pgerfprm_ add|t|on.wh|ch in turn can be used to perf_orm blems involving a zero operand is approximately flat, and the
multiplication, learning can thus be a mostly self-contained; o256 in response time for tie problems is much smaller
process, rather than entirely dependent upon external factoify, for other problems. The effect therefore reflects a more
.SUCh as teaching. Of course, the Ie.arn'mg of arithmetic .als.%omplex measure of problem difficulty than simply problem
includes an element of pure memorization, e.g., the multipli-g;

C?ﬂoﬂ tablel, ang the model wilkthirefore ir;clucrj]e a mi?(t‘;]re Siegler and Shrager (1984) present the pattern of retrieval
of rehearsal and computation. Arithmetic also has an inherg by four-year-olds for addition facts ranging from 1+1

ently clear, simple and regular structure, with a systematiG, 5,5 (Fig.2). The main effect, similar to the problem-
organization of knowledge into tables of immutable facts.siZe effect, is an increase in errors for larger facts, with

This strong regularity, unlike the marny exceptions of taSkSthe increase being slightly larger for the addend (second
such as natural language processing, also helps reduce d Serand) than for the augend (first operand)

grees of freedom in modeling the task and provides a goo Siegler (1988) presents the percentage of errors in the

test of ACT-R’s statistical learning. These factors lead to 3computation of multiplication problems by repeated addi-

simpler, more regular model that is more predictive than ON&ion for fourth-graders (Fig. 3). Analogous to the addition

1 See (Peterson and Simon, in press) for an ACT-R account of subitizing, 2 We use the term “problem size” here to refer to the size of the numbers
a skill related to both vision and arithmetic. involved but other definitions can also be used.
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Fig. 1. Problem-size effect for adults
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Fig. 4. Problem-size effect across time (grades)

the gradual flattening of the problem-size effect for large
vs. small problems (meaning two-digit sum vs. single-digit
sum) from first grade to college (Fig. 4).

These effects of problem size and strategy are ubiquitous
throughout the literature on cognitive arithmetic (for reviews
of the field, see, for example, Ashcraft 1992, 1995; Campbell
1995; Geary 1996). While these effects are by far not the
only ones to account for, they constitute a good basis for a
comprehensive model of cognitive arithmetic.

3 ACT-R

ACT-R is an activation-based goal-directed production sy-
stem theory (Anderson 1993; Anderson and Lebiere 1998).
Knowledge in ACT-R is divided into declarative know-

ledge stored in chunks (e.g., arithmetic facts) and procedural
knowledge stored in productions (e.g., how to compute the
answer to an addition problem). Subsymbolic activation pro-

problems, the probability of error increases with the size ofcesses control which productions are used and which chunks
both the multiplicand and the multiplier. Particularly remar- gre retrieved. The parameters of these numerical processes
kable is the very low percentage of errors for the repeategefiect the previous statistics of use for the knowledge struc-

addition of 5.

tures to which they are attached. They are learned by Bayes-

Finally, Ashcraft (1987) describes the decrease in re4an learning mechanisms derived from the rational analy-
sponse time to addition problems across grades, as well ags of cognition (Anderson 1990). The equations governing
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Fig. 3. Percentage of erroneous multiplication computations per operand

10

this subsymbolic level will be described below. The reader
should consult Anderson and Lebiere (1998) for additional
details of the ACT-R theory.

In ACT-R, the activation of a declarative memory ele-
ment, or chunk, can be interpreted as reflecting the log po-
sterior odds that the chunk is relevant in the current context.
The activation of a chunk is computed as the sum of the base-
level activation of that chunk plus the sum for all context
elements of their weights (also known as activation source
level) times the strength of association between the context
element and the chunk. In Bayesian terms, the base-level
activation represents the log prior odds of the chunk being
relevant and the strength of association represents the log
likelihood ratio that the chunk is relevant given the context
element. Formally, the activatiod; of chunki is defined
as:

A, =B; + ZWijz

J

Activation Equation
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where B; is the base-level activation @f W, is the atten-  whereM P is the mismatch penalty constant afiéin(v, d)
tional weight given the context elemeyit and Sj; is the is the similarity between the desired slot valdespecified
strength of association from elemento chunki. An ele- in the production condition and the actual slot valueon-
ment j is in the focus, or in context, if it is a part of the tained in the chunk. Gaussian noise of mean 0 and standard
current goal, and the total amount of attention is divideddeviationo is also added to the activation and the chunk

evenly among goal elements. with the highest final match score is then selected, assuming
The base-level activation of a chunk can learn to reflectthat it reaches the retrieval threshoeldIf one approximates

the past history of the use of that chunk: the Gaussian noise with a logistic distribution, the probabi-

n lity that the match score of chunkio productionp is above
Bi=Iny t* Base-Level Learning Equation  the retrieval threshold is:

= 1 . - .

! l P=——F— Retrieval Probability Equation
where n is the total number of references to the chunk, l+e—2—

t; is the time elapsed since thth reference (retrieval or
creation) of chunk, andd is the memory decay rate. With
the assumption that occurrences are evenly distributed, th

where s = v/30/7. If no chunk reaches the retrieval thres-
gold, then a retrieval failure occurs and the next available
previous equation reduces to a simpler form that is mor roduction is selected. If more than one chunk is competing

analytically tractable and can be more efficiently computed: ©" re'grieval, the probability of chunk b_eing the one that
y y y P is retrieved follows the Boltzmann distribution (e.g., Mous-

—d ; .
B;=InX L Optimized Learning Equation ~ >°u"'® 1974):

1-d eM'ip/t . .
whereL is the lifetime of the chunk, i.e., the time since its £(i) = — Chunk Choice Equation
creation. Similarly, the strengths of associations can learn ZeMm
to reflect the past history of the use of a chunk given its J
context: wheret = \/2s. The latencyT}, to retrieve (match) a chunk
¢ =% R}, + F(C)) - Eji i with productionp is an exponentially decreasing function

e a+F(Cj) of the chunk’s match score:

Posterior Strength Equation Time;, = Fe Mip Retrieval Time Equation

whereR, is the prior strength of association, a is the weight
given to that prior,F'(C;) is the frequency of being in the
context (i.e., a source of activation in the goal), afig is
the empirical strength of association. Initially, the strengt
of association is equal to the prior:

where F' is a time scaling constant anfl an activation

scaling constant usually left at its default value of 1. The

hproductions that can apply to the current goal are matched
sequentially in decreasing order of expected gain

E=PG-C Expected Gain Equation

where G is the value of the current goak is its probabi-

lity of success and” is the cost of execution of this and
following productions until completion of the goal. Noise is
also added to the expected gain value, and thus production
selection will also be stochastic and follow the Boltzmann
istribution. The probability and cost parameters can also
e learned according to the record of success and failure of
each production.

In(R;) = In(m/n) Prior Strength Equation

wherem is the total number of chunks in declarative me-
mory andn is the number of chunks which contain the
source chunkj. Their ratio is a static estimation of the in-

creased likelihood of retrieving chunk i containing the chunk
j whenj is a source of activation. With extensive experi-
ence, the prior is discounted and the strength of associatioﬂ
converges to the empirical estimation:

F(N;&Cj) - F
F(N;) - F(C))
where F'(N,;&C}) is the frequency of chunk i being neede
(retrieved) with chunkj in context, F'(V;) is the frequency
of ¢ being neededF(C;) is the frequency of being in the

context (i.e., a source of activation in the goal), dds the

total number of opportunities (productions matched) since

was created.
In exact matching mode, ACT-R only considers the

IN(E;;) =1In Empirical Ratio Equation

d 4 Model

The types of chunks and productions used in this model
are not particularly novel. They are already used to mo-
del many phenomena and reflect a common approach in the
ACT-R community. Arithmetic problems are represented as
chunks with four slots: one for the operator, one for each

chunks that match perfectly to the production condition(s).ggegache’ da?nd tﬂgegfggfh@fﬁ;vfra p?enra?tgtrhg]n%l%&?giin; \évg.lg-

In partial matching mode, every chunk of the correct type is”.-. . :
considered, but a mismatch to the production condition re—C'f'ed and the answer slot empty. TReetrieval production

sults in a penalty being subtracted from the chunk activatior €tr€ves from long-term memory a chunk matchmg th? goal
to yield its match score: and copies the answer back to the goal. If retrieval is not

possible, a backup strategy must be used. Tdration pro-

M, =A; — MP- Z (1 — Sim(v, d)) duction implements one.such. strategy by crgaating a su'b'goal
conditions to compute the answer iteratively, by counting for addition

Match Equation problems and adding for multiplication problems. As in the
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case of retrieval, the subgoal then returns the answer to thi¢ being retrieved is described by the Retrieval Probability
parent goal. Problems involving O as operand are solved b¥quation. If there are multiple possible chunks that might
the special-purpose productiaero. When the answer has match, the one chosen is the one with the highest match
been determined, it is then output and the goal is popped bgcore and the probability of any one being chosen is descri-
the Answer production. The goal, which now contains the bed by the Chunk Choice Equation. Finally, match scores
answer, then becomes a new chunk in long-term memorygdetermine latency through the Retrieval Time Equation.
or reinforces an existing chunk if an identical one already  Errors can be committed whether the subject is compu-
exists. This repeated reinforcement will raise the activationting or retrieving. Let us consider the example of the pro-
of the arithmetic facts until they can be retrieved reliably. blem 2+ 3. Because of ACT-R’s partial matching process it
Since past goals are the only source of chunks (others possible for ACT-R to retrieve an arithmetic chunk (e.g.,
than for environmental encoding), this technique of solving2 + 4 = 6) other than the correct one. It is possible that even
a problem by pushing a goal which can be solved either byafter the mismatch score is subtracted off, the wrong chunk
directly retrieving the answer from the corresponding fact orwill have the highest match score and be retrieved and its
by using a number of backup strategies (including compu-answer stored in the current goal. Errors can also occur using
ting the answer but also looking it up in a book or asking thethe backup procedure when the iteration subgoal returns an
teacher) is a general ACT-R technique to model problem-erroneous answer because of the misretrieval of a fact used
solving. By gradually raising the activation of the necessaryin the procedure. The erroneous answer will also be stored
facts with practice, it provides a general account of the tran-in the goal. In both cases of retrieval and computation errors,
sition from general problem-solving strategies toward morenot only will the answer to this particular problem be wrong,
efficient ones. As noted in Anderson and Lebiere (1998)but the goal holding the incorrect answer is popped and be-
ACT-R essentially implements Logan’s (1988) proposal forcomes an erroneous long-term fact (here, 2+3 = 6). This fact
transition from algorithmic solutions to direct retrieval. can then be retrieved as the answer to future problems and
Generally, children will choose to retrieve more often for perpetuate the error. This otherwise correct retrieval of an
smaller problems and choose to compute more often for larerroneous fact becomes another source of error. This is quite
ger problems (Siegler 1988). It would of course be possiblesimilar to the approach of Siegler (1988) which also involves
to learn the expected gain of the production implementingcompetition between memories for both correct and errone-
each strategy, but that expected gain would not be sensitiveus answers. It might seem possible that ACT-R could reach
to the problem size. While in general people may use a coman unfortunate state where it has so practiced the wrong facts
plex procedure to choose between strategies, in this modéhat it comes to believe them. Indeed this can occur and the
it turns out not to be necessary. Instead, retrieval is alwaysiext section describes what must be true for ACT-R to avoid
attempted first and only if it fails is the computation strat- getting absorbed into such error states.
egy selected. Since smaller problems are more frequent and
therefore more active than larger ones, they will be retrieved
more often. Conversely, retrieval will fail more often for lar- 6 The dynamics of cognition

ger problems, and the answer will then have to be computed. » . . _
This preference for retrieval as the first way of solving the €0gnitive arithmetic performance increases over the years

goal can be seen as an instance of the Obligatory Retrievd[0M marginal (less than 50% correct retrieval of small ad-
Assumption of Logan (1988). dition facts among four-year-olds as reported by Siegler and

Shrager (1984), and even much worse for larger facts) to
almost perfect and efficient retrieval for most adults under
normal circumstances. At some point, children largely stop
using computation to answer their arithmetic problems and

Clearly, the activation of chunks storing arithmetic facts isUSt retrieve the answer, even though they still commit a rela-

going to be very critical to ACT-R’s performance in cogni- tively high_ percentage of errors. What happens when a child
tive arithmetic. The activation of a chunk is given as the SIrts retrieving answers subject to these errors and stops
sum of a base-level activation and an associative activatiog€tting regular feedback on their arithmetic performance?

according to the Activation Equation. The base-level activa-~50 these errors be reduced through sheer practice at retrie-
tion will change with experience according to the Base-LevelvaI' It seems at first that the answer is no. To see that, let

Learning Equation in such a way that it grows approximatelyus concentrate without loss of generality on the base-level

as a log function of the amount of practice. The strengthsaCtivatiO” and ignore spreading activation and mismatch pe-

of association will change with experience according to theN2!ties. If the competing chunkS, and C; have the same

Posterior Learning Equation such that it will vary approxi- lifetime L and are rehear_se_d with respective fre_quenpies_
mately as a log function of the odds of the chunkeing andp,, then from the Optimized Learning Equation the dif-

needed wherj is in the environment. These activation quan- [€rénce in activation between them will be:

tities are converted into match scores that reflect the effectsl; — 4, = In P

of partial matching through the Match Equation. In the case P2

of a perfect match, the match score is just the activation,Thus, with more practice these chunks will become more ac-
but in the case of a mismatch a penalty will be subtractedive, but assuming that the relative presentation frequencies
from the match score. There is noise in these match scoresf the two chunks are unchanged, their difference in activa-
because of activation noise. If the match score is above #on will remain constant. The Chunk Choice Equation then

threshold the chunk will be retrievable and the probability of implies that their respective probabilities of retrieval are also

5 Subsymbolic searning
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unchanged, which would mean that the percentage of miseither chunk, and therefore the odds of commission errors,
retrieval errors would remain constant instead of graduallyare a function of the amount of practice to the power of the
declining. This analysis however makes the fundamental miinverse of the noise measure:

stake of viewing learning as a static process exclusively dri- +1/s . .
ven by the environment and ignores the dynamic nature of?@@51 = (cn) Retrieval Odds Equation

the retrieval process. Strong chunks will tend to be retrievedqnother way to view the Retrieval Odds Equation is in terms
more frequently than weaker ones and thus will be rein-of the number of training examples needed to reach a parti-
forced more often, becoming even stronger. However, dugular accuracy. The numberof presentations of a particular

to the stochastic nature of the retrieval process, weak Chunkéromem needed to lower the odds of confusion errors be-

always have a chance of being retrieved and might graduallyow a threshold: grows as a power function of the accuracy
catch up to the stronger ones. To determine which procesgreshold to the exponent of the noise level:

will dominate, one needs to formalize the dynamics of the .
retrieval process. In the case of two chutksandC,, the 7= 1/ce

Chunk Choice Equation can be rewritten to express the oddgp to now, this section analyzed the competition between

of retrievingC'y as a function of the difference in activation 4 chunks that shared the same context but differed in their
between the two chunks: base-level activation, e.g., the correct fact 3+4 = 7 and an
Odds, = eA1=42)/s incorrect fact 3+ 4 = 8. One can extend the analysis to
. ) ) . the competition between two correct facts, 3+4 = 7 and

The previous two equations can be combined to give thes + 5 = 8, which are both rehearsed regularly because they
odds of the current retrieval as a function of the past ratiogre correct answers but differ in their context, i.e., 3 + 4
of rehearsal of the two chunks (i.@s/p2): vs. 3+5. One can show that the determining factor in their

_ 1/s . . retrieval becomes the strengths of association between the

Oddsy = Ratioy Dynamic Odds Equation .4 of the context in which they differ, i.e., 4 vs. 5, and

This equation shows that the current odds of retrieval ardhe chunks. Since those strengths of association are weighed
very sensitive to the activation noise level. df> 1, the in the Activation Equation by their source levél; and
current odds of retrieval are closer to even odds than th@ssuming a total source levél’ of 1, these strengths are
past odds. This will ultimately lead to each chunk becomingthen multiplied by a factor of 1/3 since for retrieval purposes
equally likely to be retrieved, i.e., a fairly chaotic system. the context of an arithmetic problem is composed of three
If s =1, the current odds of retrieval are equal to the pasiources: the operator and the two operghd@e Dynamic
odds. This does not imply that the retrieval odds will be Odds Equation then becomes:

fixed, but rather that they will drift randomly with experi- _ . 1/3s

ence, driven by chance and external events.<f1, then the Oddsy = Ratioy

odds of retrieval become more extreme, with one becomingrne actual noise level has been divided by the 1/3 attentio-
arbitrarily large and the other becoming infinitesimal. This g weight, which means that the noise will have to be less
defines a winner-take-all dynamic: strong chunks (hopefullythan 1/3 for the correct answer to emerge, and the rate of
the correct ones) are more likely to be recalled, which will convergence in the Retrieval Odds Equation will likewise be
strengthen them further, while weak chunks (hopefully thegivided by 1/3. Generally, this implies that the more com-
wrong ones) will be increasingly less likely to be retrieved. pex the problem, i.e., the more sources of activation in the
Clearly this is the desired behavior, and this analysis im-context, the lower the noise level needs to be to guarantee
poses a theoretical upper bound on the value of the ”Oisﬁonvergence and the slower convergence will be.
parameter in ACT-R if this behavior is to be achieved. One can extend this analysis to account for a number of

Assuming that the noise value is such that some chunkgqgitional factors (see Lebiere 1998 for details). The mis-
will gradually dominate the retrieval process, the next stepmatch penalty can be shown to leave the rate of conver-
is to determine the shape and rate of that process. Eacjence unchanged but multiplies the ratio in the Dynamics
new experience will be added by the declarative learningogds Equation by a factor equal to the exponential of the
mechanisms to the statistics of past history. This incrementsjctivation penalty. One can also generalize the analysis to
change in the history of retrieval odds can be expressed byhgre than two chunks. It can be shown from the Chunk
a differential equation, which allows for two approximate Choice Equation that the odds of retrieving one of many
solutions: alternative chunks is the harmonic average of the pairwise
Ratioy ~ (cn)*: Rehearsal Ratio Equation odds of retrieying that qhunk over any other. Therefo_re, the

same dynamic applies in which the strongest alternative will

The past frequency ratio of retrieving either chunk graduallyget increasingly dominant over all others since it dominates
diverges according to a power law in the amount of practiceeach independently. This result is a variant of Luce’s Choice
with exponent-1 for the loser and +1 for the winner{sa  Axiom (Luce 1959). Finally, one can study the impact of ex-
constant which depends upon initial conditions ani$ the  ternal interaction such as teacher instruction on the dynamics
total amount of practice). Combining this with the Dynamic of the system. While teacher correction has a major impact
Odds Equation, the current or observed odds of retrieving_

- 4 Divding source level equally among goal components is a basic ACT-R

3 The symbols is used in the following analysis instead of the symbol assumption. However, Anderson and Reder (in press) have recently que-
t from the Chunk Choice Equation to emphasize its origins in the chunkstioned that assumption. While operator and operands might have different
activation noise. source levels, it leaves the gist of this analysis unchanged.
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on the Dynamic Odds Equation early on in the process, it  This reliance on the strengths of association from unre-
becomes overwhelmed by the weight of experience if ondated context elements has a nhumber of far-reaching conse-
allows the system to run uncorrected for a long time. Thisquences for this model and the architecture itself. The first
may be why ingrained errors are so hard to root out fromconcerns the basic nature of declarative memory retrievals.
human cognition. Error correction will still be possible la- Complex computation subgoals such as those created by the
ter on, but a much larger amount of correct feedback willlteration production will require many retrievals of counting
then be necessary to reverse the odds in favor of the correeind addition facts. However, those subgoals contain many
solution. This need to keep the system relatively stochastiwalues, some of which are unrelated to the chunks being
early on in the learning to prevent the odds from growingretrieved at any one time. But the presence of these unre-
large (and therefore less susceptible to correction) suggestslated numbers in the context will lead to the strengthening
positive effect of activation noise upon long-term accuracy.of the associations between them and the unrelated fact re-
By keeping the process sufficiently random in the early statrieved, which will prevent those associations from beco-
ges, it prevents an occasional error (random or otherwiseining strongly negative and thus will hinder further gains
from being locked in as the dominant answer too quickly andin performance. The solution is to subgoal retrievals instead
allows more time for the correct answer to emerge. Noiseof performing them directly. This corresponds to moving
therefore performs a function similar to simulated annealingthe retrievals from the left-hand side of productions to the
in a Boltzmann machine. In other words, noise is not (only)right-hand side and pushing subgoals to perform them on the
a shortcoming of the system but an essential contribution testack. This operation focuses on the retrieval to be perfor-
its robustness in an imperfect environment. med by creating a new goal of the same type as the chunk to
As a final comment, the power law form of the Rehearsalbe retrieved and which only includes the activation sources
Ratio and Retrieval Odds Equations can also be found in th@ecessary to the retrieval. Once the retrieval patterns have
evolution of biological and technological systems betweenbeen subgoaled, a production must fire to perform the actual
states of equilibrium (e.g., West and Salk 1987). This is aretrieval, complete the pattern, and pop the goal. These pro-
consequence of the fact that these systems follow powerductions, which complete a goal by matching it to a chunk in
law frequency distributions (e.g., Zipf's law, Pareto’s law) memory, are very basic and can be found in many other mo-
similar to those of the cognitive environment (Anderson anddels (e.g., Lebiere and Wallach, in preparation). Indeed, these
Schooler 1991). productions are so basic and pervasive that it could be argued
that they correspond to an architectural primitive similar to
the Obligatory Retrieval Assumption of Logan (1988). In
7 Associative interference and its implications addition to allowing the strengths of association to achieve
optimal predictiveness, this technique increases the modula-
The preceding sections describe the subsymbolic learningty of problem-solving knowledge and through the subgoals
taking place in the model and how it accounts for retrievalcreates a permanent declarative memory of each problem-
errors. Chunks stating the same problem but different anssolving step. Finally, it would be more neurally plausible.
wers (e.g., 3+4 =7 vs. 3+4 = 8) will compete primarily in In ACT-RN (Lebiere and Anderson 1993), ACT-R’s neural
their frequency of retrieval. Since the maximum noise levelnetwork implementation, a declarative retrieval is implemen-
needed for the right chunk to emerge is relatively large, theted by gating all the possible connections from central me-
confusion between these facts will not constitute a majormory, where the goal is held, to declarative memory. Since
factor in retrieval errors. Chunks stating the correct answethe latter is quite large, this imposes a heavy representatio-
to different problems (e.g., 3+4 = 7 vs. 3+5 = 8) will nal burden. This subgoaling proposal would reduce decla-
not primarily compete on rehearsal frequency because thesative retrieval to a transformation local to the central goal
are both correct facts that will be rehearsed almost as oftememory followed by a straightforward broadcast access to
despite a slight frequency inequality. What will distinguish declarative memory. This memory access is similar to the
them is the context in which they are most often retrieved, CAP2 connectionist control architecture (Schneider and Oli-
e.g., 3+5 = 8 will usually be retrieved with the sources 3, ver 1991; Schneider and Pimm-Smith 1997).
+, and 5 (and not 4) in the goal. Thus according to the Po- Another problem with associative learning arises from
sterior Strength Equation those two chunks will have strongthe fact that unlike the matching process, spreading activa-
positive associations from the sources 3 and +, and either #on is independent of the slot in which a particular source
or 5. In addition, due to the logarithm in the Empirical Ra- of activation appears. One instance involves tie problems
tio Equation, they will also have negative associations to thee.g., 7 +7), in which the same operand appears as a double
other source (5 and 4 respectively) since the frequency ratisource of activation. While because of that doubling those
is expected to be significantly less than 1. Moreover, fromfacts receive more activation from the operands than non-tie
the form of the logarithm function, the positive strengths facts, they cannot develop negative connections from their
of association will be strongly limited in value while the operands to inhibit facts from the same table row or column,
negative associations will quickly grow unboundedly nega-because they have only one distinct operand (in this case, 7
tive as the frequency ratio gets close to 0. Thus, becausappearing twice) which appears in every fact of that row and
of their unlimited inhibitory potential the negative strengths column. Over time, the (constant) gain in spreading activa-
of association from incorrect context elements will be moretion for tie facts is overwhelmed by the lack of inhibitory
essential in achieving (near-) perfect retrieval than the po<onnections from their operand to neighboring facts, and tie
sitive associations or the base levels, both of which growproblems exhibit an increasingly large percentage of errors.
much more slowly. One solution to prevent this clearly undesirable consequence
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is to recode tie problems to explicitly indicate the redun-lar to temperature in Boltzmann machines through the same
dancy and provide a differentiating source of activation. ForBoltzmann equation. However, there are differences as well.
example, the repeated operand in 7+7 will be replaced by &he Boltzmann distribution in ACT-R is merely descriptive,
special chunk calledouble, resulting in 7+Double. Nega- whereas it is also used in Boltzmann machines to control
tive associations can then develop between the sdboce every local unit fluctuation. More fundamentally, simulated
ble and non-tie facts, inhibiting errors on tie problems. This annealing in Boltzmann machines happens on a small time
explicit re-encoding is consistent with ACT-R’s theory of scale for every pattern presentation, whereas under this pro-
chunk creation (see Anderson and Lebiere 1998, pp.23-24)osal it would be a long-term process, with the activation
and with the experimental findings of Eliaser, Siegler, Camp-noise decreasing over a large time scale with each rehearsal.
bell and Lemaire (in preparation). They report that subjectsFinally, temperature in Boltzmann machines is a quantity
spend more time encoding tie problems than regular proglobal to the entire network, whereas every chunk in ACT-
blems and that non-tie problems exhibit better performancdr would have a different noise as a function of its amount of
than tie problems in artificial problem sets where tie pro-practice, with well-settled knowledge being gradually frozen
blems are the rule rather than the exception as they are im place but more recent knowledge showing significant flui-
arithmetic. This suggests that the advantage enjoyed by tidity. Geman and Geman (1984) show for their Gibbs Samp-
problems in arithmetic in not intrinsic but instead a mat- ler that the fastest annealing schedule assured to converge to
ter of explicit representation. Another instance of confusionthe energy minimum (which corresponds to the maximum a
in spreading activation involves so-called near-tie problemsposteriori (MAP) estimate of the underlying distribution) is
e.g. 6 + 7, which show better performance than problemsf the form given by the Noise Reduction Equation.

of similar size because their mirror problem (7 + 6) receives

the same spreading activation and suffers little mismatch pe-

nalty, essentially giving them two chances to find the correctg | ifetime simulation

answer. A final example involves so-called corner problems
in which one operand is much larger than the other, e.g., 1+8,

The larger operand, i.e., 8, will prime the answer of anothety,, presented earlier by assuming a certain distribution of

fact (1 +7 = 8), which suffers little mismatch penalty (bet-  ,\jedge strength at a particular point in time and a parti-

ween 7 and 8) and thus leads to excessively high error rateg, |5 set of parameter values. While this method is widely

While these problems can be solved in ad hoc fashion, thei

ebiere (1998) presents very close fits of the model to the

. : o RO lised in Cognitive Science and often produces both tracta-
omnipresence in this simulation indicates that the underly le analyses and excellent simulation fits, it suffers from a

ing assumption that sources spread activation independently per of disadvantages: it requires additional assumptions
of their position in the context is deeply questionable. This 0+ the state of knowledge at particular points in time, it

assumption is known in the field of machine learning as the, 5\ different parameter values to be estimated for each
Naive Bayes Assumption (Mitchell 1997). It provides for a P

: . A fit, and it provides only an incomplete understanding of the
sometimes enormous computational simplification and ha

. ; . T . odel's dynamic nature. In the lifetime simulation presen-
been quite successful in practical applications, and indeeghy here the same model is run with the same parameters
in past ACT-R models. However, the limits of this assump-

ion h b d by this simulation b £1h simulate each data set through the full development of
tion have been exposed by this simulation because of thgjiymetic knowledge over timeThe challenge is whether
fundamental dependency on the learning mechanisms.

How could this problem be resolved in ACT-R? While the model can provide a good fit to the results given these

S " o A . additional constraints. The answer is affirmative.
maintaining position-specific associations might be both The key assumption is that the frequency of problem pre-
computationally unfeasible and philosophically dubious, it

iaht b bl ke ad fthe duality b sentation decreases with the size of its arguments. Based on
might be possible to take advantage of the duality betweeny,, g gjes of textbook presentation frequencies of Hamman

the processes of activation spreading and partial matchingnd Ashcraft (1986) and Ashcraft and Christy (1995), the
and do away with strengths of association entirely. Thisy,qel was exposed to 4000 problems per simulated year,
would certainly be companbk_—z with ACT-RN, where a slot with the largest problem being about 2.6 times less frequent
value only affects the matching of that slot. One problemy,,, ‘the smallest. Figure 5 presents the evolution of the

would be to account for the gradual improvement in re-, p1em gjze effect over time at the simulation points for

trieval performance resulting from increased practice. On ach grade:

SOSSIblllty V\_/t%uld bet_ fo.r the activation noise of a chunk to The speeding up of response time for small facts mostly
ecrease with practice: represents the effect of strengthening through practice. The

_ S . ducti . speeding up for large facts represents the gradual switch

= T+ logt) Noise Reduction Equation oy computation to retrieval as well as the increase in re-

. : trieval speed.
wheren is the amount of practice of that chunk afids the The addition retrieval data for four-year-olds is mode-

initial noise level at chunk creation. It is straightforward to |oq by looking at the lifetime simulation after 1000 problem
show that this would provide for a similar power law of prac- presentations, corresponding to about one fourth of a year

tice as the Retrieval Odds Equation. Decreasing the noise Qi yraining (Fig. 6). The smaller percentage of correct retrie-
chunks over time with their amount of practice is closely re-y4i5 for larger facts reflects the lower amount of practice
lated to the technique of simulated annealing in Boltzmann

ma_ChineS_(ACkley, Hinton. _and_ Sejnowski 1985; Hinton and 5 The detailed model is available on the ACT-R web site at
Sejnowski 1986), since noise in ACT-R has an effect simi-http://act.psy.cmu.edu

n
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are more distributed. That extra practice translates into better
. . performance in later trial%.
received. Thus, they are both less likely to reach the thres Figure 8 plots the response times at the end of the si-

hold, and more likely to be invaded by a more active fact ulation (adulthood) for each problem category. The flat
for a smaller problem. The asymmetry between addend an sponse time for zero problems is due to the use of the
auge_”d_ results from the use of backup computation Olurlng?etrieval-freeZero production. The rest of the problems are
training: a large addgnq IS more I|kely to rgsult In a Compu'over\NheImineg solved by thdRetrieval production. The
tation error because it involves more iterations. Those errorg, ter retrievals and lower slope for tie problems fs due to
become facts when the goal is popped, which in tum “@Mhe double-source effect. The problem-size effect generally

pro?'lriceeli;gttirrlr?gaslir?\rurl(;rt?olr? ;?st(ce)rrglarlos d?Jscéz mg Cfosslehrﬁrgi'zestems as usual from the lower activation of larger facts re-

effect for both multiplicand and mFL)JIti lierin thepmulti lica- sulting from a smaller amount of practice.

tion computation byprepeated additiopn' P Finally, in Fig.9 one can look at the behavior of the Ii-
The multiplier effect is due to the number of iterations fetime simulation to confirm the analysis predicting a power

while the multiplicand effect is due to the higher probability 'Cao";’n‘;i‘t’;‘agf]‘)a g‘égrttr']rg%g;;hgf‘fe’?r?e?};ﬁee”r'r%‘;a' failure (hence

]9 ;riﬁgrfnzﬁﬂgﬁégiéagtfé;ﬁ \;reor?/nl?r\?é g:gﬁﬂ;grig;gg{; The odds of computation and retrieval error indeed decay
. . - o rdin wer law, with exponents cl h
adding 5 only uses two single-digit addition facts (0+5 = 5acco ding to a power law, with exponents close to those
an,d 5+5=10, WhICh also happen to be a zero problem ar?d 6 An alternative explanation would be that 5 is a more prominent num-
a tie problem), which therefore were rehearsed more often ier, leading to additional practice of counting by 5. That assumption is

past computations than facts for other multiplicands whichunnecessary here.
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predicted by the analysis. The curves for the multiplication
facts display an even closer fit to the power law, with similar
exponents. In addition to the data fits previously reported,
these computation and retrieval error curves generally fit
the data reported by Siegler and Robinson (1982), Siegler
and Shrager (1984), and Siegler (1988) on the percentage &f
strategy use and retrieval errors at various points of deveé
lopment. Together, these results and those presented in tHe
next sections provide strong corroboration of this model an% . .
ACT-R’s theory of learning.

* Retrieval Latencies
= Computation Latencies

9 Choosing

This model always attempts to retrieve the answer and only *% 10 20 30 40 50 60
computes when the retrieval fails. It is often assumed that

human subjects decide which strategy to use based on the Percentage of Overt Strategy Use

characteristics of the problem, in particular the percentage ofig. 11. Correlation between strategy use and latencies (simulation)
success of each strategy. Siegler and Robinson (1982) and

Siegler and Shrager (1984) report a very strong correlation

between percentage of overt strategy’use each problem

and percentage of errors on those problems. The correlatioyhereas the correlation between percentage of overt strategy
is quite strong between percentage of overt strategy use angse and percentage of errors on computation trials is much
percentage of errors on retrieval trials, and still present bujoyer (0.22). The correlation between the latency and the
much weaker between percentage of overt strategy use anghrcentage of overt strategy use was also computed (Fig. 11).
percentage of errors on overt strategy trials. They also repoffne correlation between percentage of overt strategy use and
a strong correlation between percentage of overt strategyetrieval latency is high (0.75), and the correlation between
use on each problem and retrieval latency, and a weake&arcentage of overt strategy use and computation latency is
correlation between overt strategy use and latency of overgomewhat lower (0.42). These correlations are quite close to
strategy. _ o . _ the values in Siegler et al.’s subject data.

For comparison, the lifetime simulation was run for — The jifetime simulation can reproduce those correlations,
about half a year of addition training, and then the corre-gyen though it does not perform any explicit choice of stra-
lation between strategy and errors was collected (Fig. 10). tegy because all measures tap into the same underlying va-

The correlation between percentage of overt strategy Usgaples, namely activation strength and problem complexity.
and percentage of errors on all trials is quite high (0.78). Thepy course, this does not preclude a more elaborate model,
correlation between percentage of overt strategy use and pej; which the choice of a strategy would be made depending
centage of errors on retrieval trials is slightly higher (0.81), upon the characteristics of the problem and the strategy’s

7 The term “overt strategy use” refers to trials where the subjects useooaSt hIStOI‘y of su_ccess, as Sleglgr and Shlpley (199_5) pro-
an overt (i.e., audible or visible) computation strategy. For example, sincd?0S€, but the choice between retrieval and computation can
the children were quite young they would put up fingers to count. be made solely on the basis of activation.
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course, subjects, too, have poorly established multiplication
10 Guessing facts at that point in their development. But since they were
instructed to state an answer, it is reasonable to assume that

The patterns of errors for multiplication retrieval are quite some of them were estimating or guessing the answer. This
rich, but hard to examine systematically because they takevould explain the range of errors, the close misses; and the
place over a wider range of values and display some chalow percentage of table errors. How could ACT-R guess?
racteristics (like table errors and close misses) which arcRandom guessing would not generate the pattern of errors
difficult to average and plot together. For those reasons, leteported, and repeated sampling or free association would
us concentrate on the pattern of errors for a single problemstill result in a majority of table errors.
Siegler (1988) reports the answers to multiplication problems  But it seems that when humans engage in this sort of
for an experiment in which third- and fourth-graders were estimation, they do not do so randomly but rather compen-
instructed to state the answer to the problem without resorsate for the lack of a specific fact by relying on a wider
ting to any explicit strategies. Figure 12 plots the percentagéase of related facts. How could that reliance on a set of
of answers to the problem % 9. The correct answer, 54, facts rather than a single one be implemented in ACT-R?
is also the most likely one but only constitutes fewer thanSuch a mechanism has been proposed by Lebiere and Wal-
20% of all answers. As in the case of addition errors, mostiach (in preparation) to perform a similar task, interpolation,
of the errors are smaller than the correct answer, with thén a number of control problems. The solution is to produce
percentage of answers generally decreasing with the distanthe answer that minimizes the mismatches between that ans-
from the correct answer. Some of the errors can be classiwer and the answers from each specific fact, weighted by its
fied as table errors, i.e., the answers appear in the same roprobability of retrieval. Formally, the answer is the valde
or column of the multiplication table as the correct answer,that minimizes the following quantity:
e.g., 48 = 6x 8. But most errors are not table errors, either ) . ) L ,
because they are answers to facts elsewhere in the mult! = Miny " P(1— Sim(V,V;))>  Estimation Equation
plication table (40 = 5«< 8 is neither on the same row or i
column as 6x 9) or because they do not appear as answersvhereP; is the probability of retrieving chunk as determi-
in the single-digit multiplication table at all (46 or 52). ned by the Chunk Choice EquatioW, is the value specified

Figure 13 plots the percentage of retrieval answers to thdy chunki, and.Sim(V, V;) is the similarity between values
same problem at an equivalent point in the lifetime simula-V and V;. Thus the term in parenthesis is the dissimilarity
tion: between the values, i.e., the amount of mismatch between

One positive result is that the percentage of correct ansthem. If the dissimilarity between the values is interpreted as
wers corresponds closely to the data. Most of the errors aréhe error, then the Estimation Equation can be viewed as a
also smaller than the correct answer and the percentage standard least-squared error method. The well-known result
errors tends to decrease with the distance from the corredhat least-squared error solutions can be shown under certain
answer. This is to be expected since smaller facts are morassumptions to correspond to maximum likelihood hypothe-
active than larger ones, and the mismatch penalty increasess (e.g., Mitchell 1997) provides the connection between
with the distance from the correct fact. Unlike the data, al-this equation and ACT-R’s Bayesian framework.
most all the errors are table errors (56 =< is one of By using the Estimation Equation to guess an answer
the rare exceptions) which is a result of the dominant rolewhen no fact reaches the retrieval threshold, the lifetime si-
played by the strengths of activation. There are also fewmulation generates the following pattern of combined retrie-
close misses. About half the time no fact would reach theval and guessing answers fox® (Fig. 14). The proportion
retrieval threshold and the model would fail to answer. Ofof correct answers is about right, which results from the
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standard retrievals as shown in Fig. 13. Most of the errorgdion of unknown variables (such as previous knowledge) and
are smaller than the correct answer, because smaller factBe like, there has been recently a concerted effort (Anderson
are more active, and thus have a higher probability of being@nd Lebiere 1998; Anderson, Bothell, Lebiere, and Matessa
retrieved and thus weigh more in the Estimation Equation.1998) to understand the effect and constrain the values of
Most of the errors are not table errors, because estimatioRCT-R’s global parameters. This section will examine the
is a continuous process in which the answers to actual factgensitivity of the model to its parameters, including global
have little advantage over neighboring numbers. And thergarameters such as the activation noise, retrieval threshold,
are many near-misses, with the probability of error decre-and mismatch penalty, as well as domain-specific parameters
asing with the distance to the correct answer. This resultsuch as training schedule, problem distribution, and feedback
from the fact that while smaller facts are generally morestrategies. The formal analysis established that the activation
active, facts closer to the correct answer will have a betteioise is the main parameter controlling the speed of conver-
match score because they incur a smaller mismatch penaltgence to correct fact retrieval. Figure 15 plots the odds of
and thus have a higher probability weight in the Estimationretrieval error (on a log scale) over time (roughff grade,
Equation. 6" grade and adulthood) for a range of activation noise va-
The Estimation Equation is similar to an algorithm known lues.
in machine learning as the Bayes optimal classifier (Mitchell ~ The results confirm the theoretical analysis with a con-
1997). Instead of applying the Maximum Likelihood or Ma- vergence to almost perfect retrieval (less than 1% error) for
ximum A Posteriori hypothesis to categorize a new instancenoise values less or equal to the simulation value of 0.25,
the Bayes optimal classifier weighs all the hypotheses accor@nd gradual leveling or even increase for larger noise values.
ding to their posterior probabilities, and combines them toLarge noise values, however, increase the probability that a
produce the most probable classification. As its name imweak fact would reach the activation threshold earlier, and
plies, this algorithm cannot be outperformed by any otherthus lead to a faster transition to retrieval. Figure 16 plots
classification algorithm that uses the same hypothesis spadbe odds of retrieval as a function of activation noise.
and prior knowledge. While it is generally considered too  This earlier transition to retrieval will lead to stronger
computationally expensive to be of direct practical use, itsreinforcement of the facts and therefore to faster retrievals
implementation in ACT-R is not prohibitively slow, and its as well. Thus the lifetime simulation noise level of 0.25
behavior seems to correspond closely to the human abilitgan be seen as optimal in providing the earliest and fastest
to operate gracefully in continuous environments. And ofpossible arithmetic retrieval under the constraint of ensuring
course, as Mitchell (1997) points out, more practical algo-convergence to the correct answers.
rithms can often be found that asymptotically approximate A similar analysis applies to the retrieval threshold. Ob-
the characteristics of less feasible but optimal standards suc¥iously, a higher threshold will delay the transition to retrie-

as the Bayes optimal classifier. val as shown in Fig. 17.
But whereas a lower threshold will lead to earlier re-

trieval, it will also cause problems by allowing a rich-get-
11 Parameter sensitivity and optimality of cognition richer dynamic to take hold quickly: the chunks which are

strong early invade the weaker ones which have not yet
The simulations described here are controlled by a humbehad a chance to build activation, leading to ingrained errors.
of real-valued parameters whose values were chosen to triRetrieval thresholds below the simulation value -68.75
to maximize the fit to the experimental data. While somewill lead to a leveling and even a gradual increase in er-
amount of parameterization is needed in any architecture toors over time. Larger threshold values will converge to the
account for individual and experimental variations, estima-correct answers but more slowly because by delaying re-
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1000
. —O— Retrieval Odds @ 1 confront a skewed distribution of problems in the external
100- —2&— Retrieval Odds @ 2 world, teachers might as well match that distribution and
O~ Retrieval Odds @ 3 optimize the students’ performance on those problems that

they are most likely to encounter. Finally, as the theoretical
analysis predicted, convergence to the correct answer is very
sensitive to the initial feedback probability, emphasizing the
need for constant feedback at the start of the learning curve.
The general conclusion is that while the qualitative be-
havior of the model is preserved across a range of parame-
ter values, the values for each major parameter used in the
lifetime simulation can be shown to produce optimal beha-
vior. While this might not be too surprising for the domain-
specific parameters controlling the teaching of arithmetic,

Odds of Retrieval

014

O 45 40 a5 B0 25 20 which might have been selected for precisely the purpose
of optimizing learning, it is extremely unlikely that the pa-
Retrieval Threshold rameters of the human cognitive system were optimized to
Fig. 17.Odds of Retrieval as a function of retrieval threshold (RT) perform arithmetic. Human cognition developed in a con-

stantly changing, uncertain world in which stochasticity and
approximation were desirable qualities. That those values

trieval they rely more heavily on error-prone computation Would be optimized for an abstract, exact, and unchanging

strategies which introduce their own errors. Thus the retrietask such as arithmetic is quite unlikely. One possibility is

val threshold used in the simulation is also optimal in anthat our form of arithmetic (e.g., a base-10 system instead

even stronger sense than the activation noise (Fig.18).  0f a base-60 system) was developed to fit the capacities of
A similar analysis can be performed for the mismatchthe human cognitive system. Another, perhaps more likely,

penalty (see Lebiere 1998 for details). Mismatch penaltyPossibility is that human cognition might be even more adap-

values smaller than the simulation value lead to error oddgive that had been assumed, either in a parametric or strategic

increasing over time, whereas larger values lead to slighthsense.

faster convergence to correct answers. Those larger values,

however, lead to somewhat slower transitions to retrieval,

making the mismatch penalty value optimal in the samey 5 ~onclusion

sense as the noise. One can also analyze the impact of the

domain-specific parameters. The density of the presentation

schedule, i.e., the average delay between problems, has\&hile other ACT-R models have been more complex (e.g.,

similar impact as the retrieval threshold since its effect fromSchunn and Anderson 1998), the lifetime simulation of co-

the Optimized Learning Equation is simply to raise or lower gnitive arithmetic stretched the limits of the architecture in

the base-level activation by a constant amount. The steepnessnumber of directions: its length (tens of thousands of pro-

of the frequency distribution, or how much more common blems taking hours of simulation), its reliance on learning,

small problems are than large ones, has relatively little im-and its dynamical nature. While those dimensions combined

pact on the odds of retrieval and errors, suggesting that whiléo make this model considerably more difficult to develop

it is central to the problem-size effect it is not a fundamentalthan usual, the constraints provided by this approach yielded

cause of arithmetic learning difficulties. Since students willa number of contributions:
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1. A precise account of a number of central results in theashcraft, M. H. (1987). Children’s knowledge of simple arithmetic: A de-
field of cognitive arithmetic. While the model is broadly velopmental model and simulation. In J. Bisanz, C. J. Brainerd & R.
consistent with previous activation-spreading theories K (_‘f_ds-)ciFor?“a' mEtthOdS in q‘;gvgg‘;pnggg;a'Npsy°$o'Egg Progress in

s . . . . . cognitive development resear . —. . New YOorK: ringer.
of cog-nltlve ar!thmetlc’. its basis m. a general_purposeAshcra?‘t, M. H. (1995). Cognitive arithmetic: A review of data r::mdgtheory.

Bayesian learning arch|tecture_ prowdes a systematic ac-" cqgnition, 44 75-106.
count of the causes and conditions of these effects.  ashcraft, M H. (1995). Cognitive psychology and simple arithmetic: A

2. A number of practical lessons for the teaching of arith-  review and summary for new directionslathematical Cognition, 1,
metic. Because the model makes detailed predictions that 3-34.
are affected by every aspect of the simulation, it canASh‘?r:a;tléménHté & ?eh’ti:tﬁcﬁ_t,sc;n(laifr)ﬁ Tlpel_gzggﬁr_‘:yg daeztrl‘?@efriﬁ;f“:ts

. . o . . | Xts: 1t ulapir | I
pl’edICt WhI.Ch CondItIOIle are critical to Ieammg (feed._ for Researc[]yin Mathematics Educatio?l, \ol. 26, 303956—421.
back, spacing) and which are not (regular frequency dif-gontord, F. (1938). The law of anomalous numbdtmceedings of Ame-
ferences). rican Philosophy Society, 7851-572.

3. A number of lessons for the architecture, including thecampbell, J. I. D. (1995). Mechanisms of simple addition and multiplica-
view of retrieval as subgoaling to limit the sources of tion: A modified network-interference theory and simulatitathe-
activation to those critical context elements, and ways  Matical Cognition, 1121-164. _ .
to correct the deficiencies of the assumptions behind thé}veary, D. C. (1996). The problem-size effect in mental addition: Develop-

. | . hani Th fth mental and cross-national trenddathematical Cognition2, 63—93.
associative learning mechanism. e nature of the taSkGeman, S. & Geman, D. (1984). Stochastic relaxation, Gibbs distributions,

requiring a fairly simple model but a very long, mostly and the Bayesian restoration of imagEEE Transactions on Pattern
self-correcting, learning simulation, was essential in de-  Analysis and Machine Intelligence, 821-741.
riving these lessons. Hamann, M. S. & Ashcraft, M. H. (1986). Textbook presentations of the

4. A connection to the machine learning field. It suggests _basic addition factsCognition & Instruction, 3173-192.
that despite its past success, a popular algorithm Suchhnton, G. E. & Sejnowsky, T. J. (1986). Learning and relearning in Boltz-

he Nive B | ifier has limitati . deli mann machines. In D. E. Rumelhart, J. L. McClelland, and the PDP
as the Neve Bayes classifier has limitations in modeling Group, Parallel distributed processing: Explorations in the microstruc-

the fL_JIl scale Of_ human cognition. It a!so suggests t_hat ture of cognition. Vol. 1: Foundationgpp. 282-317), Cambridge, MA:
despite being viewed as too computationally expensive, MIT Press.

a more powerfu| a|g0rithm such as the Bayes optimalKirk, E. P. & Ashcraft, M. H. (1997). Verbal reports on simple arithmetic:
classifier in fact closely approximates some of the aspects A demandin.g task: Poster presented at the 38th Annual Meeting of the
of human performance, hinting at the possibility of an , __Psychonomic Society.

ffici Li | . f th | ith Lebiere, C. & Anderson, J. R. (1993). A connectionist implementation of
efficient neural implementation of that algorithm. the ACT-R production system. Iferoceedings of the Fifteenth Annual

5. A study of the Se_nSitiVity of the m0(_jel to parameter  conference of the Cognitive Science Socigip. 635-640). Hillsdale,
values, both architectural and domain-specific, which  NJ: Erlbaum.
shows that they are in fact optimal for some measureLebiere, C. (1998)The dynamics of cognition: an ACT-R model of cogni-
of performance. Since the human Cognitive system was tive arithmetic.Ph.D. Dissertation. Technical Report CMU-CS-98-186.
presumably not developed to perform precise tasks SUCEeFAISO available on the web at http://reports-archive.adm.cs.cmu.edu/

ith . hi . furth : b h evre, J-A., Sadesky, G. S. & Bisanz, J. (1996). Selection of procedures
as arithmetic, this raises further questions about the ac- in mental addition: Reassessing the problem size effect in adults. In

tual limits of its adaptiveness. Journal of Experimental Psychology: Learning, Memory and Cogpnition,
6. A view of cognition as a dynamic system (e.g., van Gel-  vol.22, No.1,216-230.

der 1998). Unlike fixed models or models that learn ex-Logan, G. D. (1988). Toward an instance theory of automatizakfsgicho-

clusively from an external environment, the behavior of LuctiogRicaD| inggeg\l;/ ﬁ]sdéil\?ifi;ZIZZHoice behavior: a theoretical analysis. New

this model and its changes over time are primarily de-—""7_ " = ‘ : '

. . . . . York, NY: Wiley.
termme_d by Its own operations, which follow internal Moussouris, J. (1974). Gibbs and Markov random systems with constraints.
dynamics that depend upon the fundamental parameters joumal of Statistical Physics, 101-33.
of the architecture. Because of the richness and varietyitchell, T. M. (1997).Machine LearningMcGraw-Hill.
of those non-linear dynamics, those models are betteNewcomb, S. (1888). Note on the frequency of use of the different digits

able to explain the full diversity of human cognition. in natural numbersAmerican Journal of Mathematics, 39-40.
Peterson, S. & Simon, T. (in press). Computational evidence for the sub-

itizing phenomenon as an emergent property of the human cognitive
architecture Cognitive Science
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