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pertise more efficient. As psychologists our interests lie in defining the
processes which underlie complex skill acquisition.

An important component of skill acquisition is refining, or tuning, the
conditions under which an operator should apply (Anderson, 1981). An
operator is defined as a problem-solving action such as the use of the
side—angle-side postulate in geometry. Sometimes applying such an op-
erator will take the problem solver one step closer to a solution and
sometimes it will not. On the basis of three studies we argue that subjects
acquire schemata for where operators will and will not work. These sche-
mata are abstracted from example problems. Such a schema consists of
features of the problem that are predictive of the success of the operator.

A major claim of this paper is that the process of forming these operator
schemata has much in common with concept formation and abstraction
of object schemata. In both concept formation and schema abstraction
one acquires the ability to apply a label to examples of categories. Con-
cept formation occurs with well-defined categories (Bower & Trabasso,
1964; Bruner, Goodnow, & Austin, 1956; Hunt, Marin, & Stone, 1966;
Levine, 1966). Schema abstraction refers to the acquisition of concepts
that are not well defined, i.e., not governed by a single rule (Anderson,
1980; Anderson, Kline, & Beasley, 1979; Elio & Anderson, 1981; Hayes-
Roth & Hayes-Roth, 1977; Mervis & Pani, 1980; Posner, 1970; Reed,
1972; Rosch, 1978). From the subject’s view, the relationship between
the cues and the categories may be probabilistic even if they are deter-
ministic from the experimenter’s view. The concept-learning literature
has shown that probabilistic relationships between categories and cues
leads to very dramatic reductions in learning rates. Similarly, problem
solvers have trouble learning when to apply operators in domains like
chess and geometry. Our hypothesis is that acquisition of operator sche-
mata involves basically the same processes as are involved in acquisition
of object schemata. To support this position we present evidence of phe-
nomena found in the learning of problem-solving operators that are qual-
itatively and quantitatively analogous to phenomena found in abstraction
of object schemata.

OPERATOR SCHEMATA IN GEOMETRY

Proof generation problems in geometry contain certain problem fea-
tures which are correlated with useful operators. These features are prop-
erties of the diagram and information in the problem statement. The op-
erators in this case are rules of inference to be used in the proof. After
a brief review of high school geometry proof problems we present evi-
dence of a correlation between surface features of geometry problems
and the correct rules of inference for these problems.

A common proof problem in high school geometry involves proving
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that two triangles (€.g. AABC and ADEF) are congruent (=) to each
other. The problem statement in such a proof generally contains a dia-
gram, a list of information (a set of hypotheses or «givens’’) which is
given as true, and a statement to be proven (the conclusion). The general
goal is to use deductive reasoning to show that the statement to be proven
follows from the hypotheses given and a set of inference rules. In the
case of proving two triangles to be congruent this is achieved by showing
that corresponding parts of the two triangles are congruent to each other.
Triangles have two types of components which can be shown to be con-
gruent; sides and angles. Sides are line segments with endpoints. The line
segment from point A to B is written as AB. Angles in triangles are line
segments which are noncollinear and share a common endpoint. The
angle with point A as its vertex is written as £BAC or .CAB.

By using postulates of geometry one can infer that two triangles are
congruent after only a subset of their sides and angles have been shown
to be congruent. An example of this set of postulates is the side—angle-
side (SAS) postulate; if it can be shown that two sides and the included
angle are congruent to the corresponding sides and angle of another tri-
angle, then one can infer that the triangles are congruent.

In some simple geometry problems enough information is given explic-
itly in the problem statement to identify the correct operator. For in-
stance, if the student is asked to prove AABC = ADEF and is given AB
= DE, BC = EF, and CA = FD, then these givens identify the side—
side—side (SSS) postulate for proving triangles congruent as the appro-
priate operator. That is, the three features are necessary and sufficient
for the rule to be applied. This is a particularly clear case of a schema;
however, few problems are so simple. Usually, the proof involves several
steps of inference rule application and there are no simple sets of features
that identify which rules are needed for the proof. The solver does not
know if the prior choice of inference rules is correct until the problem is
completely solved. In those cases there may still be a corrélation between
features and operators, just as there is a correlation between flying and
being a bird: The feature of flying is only probabilistic in terms of its
diagnosticity for something being a bird. Some things that fly are not
birds and some birds do not fly. Similarly, for a surface feature that signals
SAS, other inference rules will sometimes apply appropriately in the pres-
ence of that feature. The point is that the structure or semantics of the
geometry domain creates correlations between features and operators.
The learner can assemble the features which predict correct usé of an
operator into a schema for that operator.

We examined a locally used high school geometry textbook by Jur-
gensen, Donnelly, Maier, and Rising (1975) for evidence of feature—op-
erator correlations. One type of problem examined required students to
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not necessary, they are certainly reasonable. It would be strange if the
SSS postulate was used more often when no information about segment
congruence was given. It would also be strange if vertical angles were
only used when they were not part of to-be-proven congruent triangles.
It is an open question whether subjects’ problem solving is actually
guided by such surface correlations. With practice, subjects appear to
become more accurate in selecting inference rules, but this may reflect
some deeper logical analysis of the problem structure. One purpose of
this research is to determine if and when problem solving can be con-
trolled by surface features that do not have any deeper justification.

Do problem solvers use surface features to guide operator selection?
There is evidence in the literature which suggests the problem solvers in
algebra and physics use surface features of problems to direct problem
solving. The existence of categories or schemata for algebra word prob-
lems has been argued by Mayer, both on the basis of a recent survey of
textbook word problems (Mayer, 1981) and from results of a recall task
(Mayer, 1982). Silver (1981) found that high-ability seventh-grade students
tend to recall information about the mathematical structure of word prob-
lems they have solved, whereas low-ability students tend to recall infor-
mation about the cover story or context of the problem. When catego-
rizing word problems the same pattern of performance appears: High-
ability students sort problems on the basis of common problem structure,
whereas poor problem solvers tended to form groups based on the
common surface details of the problems. Studies of algebra word problem
solving by Hinsley, Hayes, and Simon (1977) provide evidence that
problem solvers categorize algebra word problems early in reading the
problem, sometimes based on as little as the initial noun phrase of the
problem. Based on the category, the subjects then choose a representa-
tion and processing strategy for the problem. Studies of expert—-novice
differences in physics problem solving (Chi, Feltovich, & Glaser, 1981;
Larkin, McDermott, Simon, & Simon, 1980) have found that experts use
abstract physics principles to approach and represent a problem whereas
novices tend to base their representations and approaches on the literal
features of problems.

Some problem solvers do, then, appear to use surface features to guide
problem solving. The phenomenon appears with particular salience in the
performance of novices because they often do not attend to the correct
features: This leads to observable errors.! However, in some cases, ex-

! The efficacy of attending only to surface features may be due to the simplicity of the
problems encountered by novices early in their learning. The correlation of surface features
to an operator may be more salient than the correlation of abstract structural features to
an operator. .

~
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perts may also use surface features to select problem-solving operators
without accessing the underlying reasons for why an operator is appro-
priate. Experts evidently have discriminated when it is safe to rely only
on surface features without accessing the deeper structure of the problem.
Their feature-to-operator correlations have changed with experience. For

example, most proficient simplifiers of algebra equations know what to
do in order to simplify the following equation:

3 X

X 4

The most efficient operator to apply is cross multiplication. When asked
why that is the correct operator, many people reasonably reply that they
want to get rid of the fractions, so cross multiplying is “‘what you do.”
They can state the relevant goal and operator but can seldom sponta-
neously explain why cross multiplying works in this situation. The people
who are able to explain usually generate a post hoc explanation based on
their knowledge of mathematics. Perhaps at one point they were taught
why this was a legal operation but it may have been taught only as an
algorithm. The point here is that experts appear to use problem features
to guide problem solving without accessing the underlying structure of
the problem domain. )

While the evidence is clear that surface features can guide problem
solving, the evidence is unclear about how surface features acquire this
power. Is it the result of learners encoding feature—operator correlations
or does it depend on some analysis of the problem structure? This ques-
tion is addressed in Experiment 1 where subjects solved a set of geometry
proof problems which contained arbitrary correlations between surface
features and inference rules. Subjects were then tested for the degree to
which these correlations were correctly learned. In posing this question
we do not intend to imply that if subjects use arbitrary surface features
they may not also take advantage of meaningful connections between
features and operators, when such features exist.

Experiments 2 and 3 explore two questions regarding the connections
between features and operators. First, to what degree are operator sche-
mata similar to object schemata? The second question addresses the ef-
fects of feedback delay on learning operator schemata. This question
arises from an interest in exploring the conditions that are favorable to
schema abstraction for operators.

THE ACT* THEORY OF OPERATOR DISCRIMINATION

Our questions concerning operator abstraction, although independently
interesting, were motivated by the ACT* theory (Anderson, 1982, 1983a)
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2. Prove £XYZ = LUVW
3. Prove YZ = VW

m%: a rule will sometimes successfully solve the problem and sometime

fail. If a production fails to solve a problem, an attempt is made to maw
some w_av._o features to the conditions of that production which will dis-
criminate its success from its failure. As more conditions are added to a
vqoaco:.o: its specificity or precision of application increases. For in-
stance, _». a ma.o congruence was present when the rule applied .w:a suc-
ceeded in solving a problem and was not present when the rule applied

and failed to solve a problem, the following discriminati
added to the production set: g discrimination would be

P2: IF the mom_ is to prove AXYZ = AUVW
and a side congruence is contained in the givens

THEN try the SAS postulate and set as sub
1. Prove XY = UV goals to

2. Prove £ XYZ = LUVW
3. Prove YZ = VW

This more specific rule might later misapply, and the discrimination pro-
cess would reoccur. If unsuccessful application occurred again it might
be :omon :::., in addition to the side congruence, an angle oosm.,:o_mg
was given. Discrimination would then produce the following production

rule:

P3: IF the mow_ is to prove AXYZ = AUVW
and a side congruence is contained in the givens
and an angle congruence is given

THEN try the SAS postulate and set as sub
1. Prove XY = UV subgosls fo

2. Prove £XYZ = £UVW
3. Prove YZ = VW

2 For a review of discrimination learning in ACT*, see Anderson, 1982

~
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EXPERIMENT 1
Subjects in Experiment 1 studied and solved 20 geometry problems, 10
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of which could be solved by the SAS postulate and 10 of which could be
solved by the ASA postulate. Four problem features in the problems were
varied. Two of the features occurred 80% of the time with SAS and 20%
of the time with ASA. The other two features occurred 80% of the time
with ASA and 20% of the time with SAS. This was intended to replicate
the partial correlations that occur in the geometry text we examined.
However, these feature—operator correlations were arbitrary and, in fact,
were reversed for half the subjects. After they studied and solved these
problems, subjects were tested for transfer to briefly presented problems
that could be solved by both or by neither strategy. In addition to testing
whether subjects could acquire feature—operator correlations in the form
of operator schemata, we attempted to vary two variables; the subjects’
use of active hypothesis testing while problem solving and how relevant
or semantically related the problem’s predictive features are to the
problem and solution.

Does the degree of active processing or conscious hypothesis testing
affect how well schemata are acquired? The general effect of active pro-
cessing on learning, by means of verbalizing the reasons for behavior in
a problem-solving task, has been studied: The general result is improved
immediate performance and learning (Davis, Carey, Foxman, & Tarr,
1968; Gagné & Smith, 1962; Wilder & Harvey, 1971). In a seminal study,
Gagné and Smith (1962) found that instructing subjects to verbalize why
they were making each move while learning to solve the Tower of Hanoi
puzzle had significant effects. Subjects who were forced to verbalize
while solving puzzles in a learning phase showed significant reductions
in the number of moves in excess of the minimum number needed to
solve a transfer puzzle, as compared to control condition subjects who
solved the learning puzzles without verbalization. The subjects who ver-
balized also were significantly faster at solving the puzzle.

How does verbalization improve learning? Results similar to those
above are explained by Ericsson and Simon (1980) as examples of ver-
balizations changing the course of problem solving. Subjects are forced
to make inferences about their mental processes and hence access infor-
mation which would not be accessed if these inferences were not made.
It is the attention to this extra information which hypothetically accounts
for the improved performance and learning. Perhaps part of that extra
information accessed is simply more explicit and specific generation of
hypotheses.

A related explanation for how verbalization could improve learning
comes from work investigating how different problem-solving strategies
affect the acquisition of information about problem structure (Sweller,
1983; Sweller & Levine, 1982; Sweller, Mawer, & Ward, 1983). The gen-
eral findings of this work suggest that using a simple means—-ends
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METHOD
Subjects

Ninety-three members of the Carnegie—Mellon community wo?ma as m:E.mQM . ,__.M.va.nﬂooh.a.
self-selected as being «comfortable doing simple geometry proofs’* and received €

3 To assure that feature relevance was not confounded with mm_ﬂ_v_w Mounwamzﬁmnﬂﬂw””_.wo_m
inci hly equal salience were seiected,
levant and incidental features of rougl A . )
_M:_&:o:m were forced to process the features during problem solving. The details of these
controls are enumerated in the Method section.
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or were paid $3 per hour for the 2-h experimental session. A bonus of $1 was given for
good performance. Subjects were assigned one of four conditions with 22 people in the
incidental-passive condition (condition 1), 20 in the necessary-passive condition (condition
2), 20 in the incidental-active hypothesis condition (condition 3), and 31 in the necessary-
active hypothesis condition (condition 4). Groups of from 2 to 10 subjects were run at a
time.

Note that these subjects should already have well worked out operator schemata. This
raises a question about the possibility of further tuning an already well-tuned system. Pre-
sumably, the impact of feature—operator correlations on learning would be greatest with
geometry naive high school subjects. Various constraints prevented the use of this popu-

lation. Using a college population should theoretically make demonstrating the acquisition
of operator schemata more difficult.

Materials

Subjects in all conditions solved 20 learning problems and gave judgments on 32 test
problems. The learning problems were 20 simple triangle congruence problems which con-
tained various mixtures of discriminating features. The solution strategy was always either
the angle-side-angle (ASA) or the side—angle-side (SAS) strategy of proving triangle
congruence. Each problem contained enough information so that only one of these strategies
could be used. The learning problems were printed on separate sheets of paper, one per
sheet. Test problems were 32 triangle congruence problems similar to the learning problems
except that 16 contained enough information to solve the problem with either the ASA or
the SAS strategy and 16 did not contain enough information to be solved by either strategy.
Test problems were printed onto transparencies and projected on a screen for 5 s each.
Discriminating features were built into both the diagrams and the given information of the
learning and test problems. Separate problem sets were constructed for necessary and
incidental feature conditions. In the necessary condition, the discriminating features were
necessary parts of the proof. In the incidental condition, these features were present, but
could not be used in the solution of the proof. Figure 3 illustrates a problem from the
necessary condition while Fig. 4 illustrates a problem from the incidental condition.

Vertical angles and isosceles triangles were the diagram features for the necessary con-
dition. The vertical angles were highlighted with bold lines, as in Fig. 3. Subjects were
instructed that bold lines indicated collinear line segments. All subjects were comfortable
with this convention. The equivalent base angles of the isosceles triangles were marked
into the diagrams. If this feature appeared in Fig. 3, sides B and C would be the equal sides

of the isosceles triangle and the vertices of angles £2 and 21 would be joined to form the
base of the isosceles triangle.

Given: E=( G

s
< 1
A F
B8 C
Prove: A\ EAB 2 A DFB

FiG. 3. Learning problem of mix 5 from the necessary condition of Experiment 1. Vertical
angles and ratio of sides are the correlated features necessary to solve the proof using the
ASA strategy. Bold lines indicate that line segments are collinear and hence the angles at

their intersection are vertical angles. To simplify notation segments were referred to by
single letters and angles by numbers. .

~
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Given: E=D
{2 comp. L5

mi2 = 45
BzC
L4 5 (8

prove: A\ EAB 2 ADFB

m of mix 6 from the incidental condition of Experiment 1. The
diagram and the conplementary angles are the corre-
lated features which are incidental to solve the proof using the SAS strategy. Note that it
is not known if the pair of line segments E and C are collinear. Hence, it is not possible to
infer that 24 and £6 are vertical angles, and therefore equivalent.

FiG. 4. Learning proble
three-dimensional component of the

In the incidental condition the diagram features were a three-dimensional component
drawn into the diagram and circumscription of the triangles. The three-dimensional com-
ponent of a diagram has dashed lines to indicate an occluded line, as in Fig. 4. In both the
learning and test problems, sides were labeled with, and referenced by, single letters. Angles

were both labeled and referenced by single numbers. This convention is exemplified in Figs.
3 and 4. In both the incidental and necessary conditions these features were correlated with
the choice of SAS or ASA. However, only in
involved in the final proof.

The features which appea

the necessary condition were these features

red in the given information in both necessary and incidental

conditions were ratio of side lengths (A/B = 1), as in Fig. 3, and a pair of statements
involving complementary angles (measure of £1 = 45°, £1 complementary to £2), as in
Fig. 4. However, in the incidental condition these given features were not involved in the
final proof solution. Pilot subjects ranked the diagram features of necessary and incidental
problems as being of roughly equivalent salience when asked to describe the problem sets.

redictive of one solution strategy. In the nec-

Features were paired and each pair was p
ommSno-_&:o:.ﬁ:mow_ angles were paired with the ratio of sides and an isosceles triangle

was paired with complementary angles. Each pair was predictive of one strategy. In the
incidental condition, circumscription of the diagram was paired with the ratio of sides and
a three-dimensional diagram component was paired with complementary angles. Again,
each pair was predictive of one strategy. A particular problem could have or not have each
feature present; thus there are 24 = 16 possible problems, as indicated in Table 3. As a
counterbalancing measure, two sets of problems were constructed for each cell of the
design. In one set ASA was strategy A and SAS was strategy B, and in the other set this

was reversed.
Twenty different problems, two eac
problems. Problems of mixtures 1-16 were

feature problems, mixes 5 and 6 are two-feature,
7-10 each have one feature that is predictive of one strategy and two features predictive

of the other strategy. Mixes 7-10 contain features which conflict with one another in the
predicted solution strategy. In the learning phase, the strategy which correctly solved the
conflict problems (problems of mixes 7— 10) was the strategy with the majority of correlated
features present. Problems 11- 16 contain no weight of features that support ecither strategy,
and hence are referred to as ambiguous mixes. The given information in the learning prob-
lems contained the discriminating features (statements) and enough additional information
to solve the problem using only the correlated strategy. lirelevant given statements were

h of mixtures 1-10 from Table 3, were used as learning
used as the test sets. Mixtures 1-4 are one-
or pure prototype, problems, and mixes

) TABLE 3
Feature Mixtures in Problems Used in Experiment 1

DISCRIMINATION OF OPERATOR SCHEMATA

Feature mixture

Ambiguous

13

Conflict

Pure

1 Feature

0
-

15

12 14

10

Problem feature

Circumscription or

o

vertical angles

3-D component or

(]

isosceles triangle

Ratio of sides = 1

o

(]

Complementary angles,
each equal to 45°

Learning items

Post-test items

Note. icti
e. A denotes features predictive of strategy A; B denotes features predictive of strategy B; 0 denotes absence of that feature
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added to roughly balance the total number of references to angles and sides in the given
information.

Two sets of 16 post-test problems were created. A set consisted of one instance of each
of the feature mixes 1-16 from Table 3, presented in random order. The set for the first
post-test contained the features specified in the feature mix and enough other features to
solve the proof with either the ASA or SAS strategy. The second post-test set contained
only the features specified in the mix. None of the problems in the second post-test were
solvable by either strategy with the information given.

Manipulating Learner Strategy

In an attempt to vary active hypothesis testing, subjects in the different conditions solved
the learning problems under different constraints. In the passive condition subjects simply
solved the problems, writing the strategy and proof statements for a problem directly on
the problem sheet. The problems were all simple enough that subjects solved them by
marking the congruent sides and angles, noting whether SAS or ASA was applied by ex-
amination, and writing in the strategy and steps of the simple proof. They never had to
venture a hypothesis about whether SAS or ASA would be correct before they had com-
plete information. Thus, they never made errors from which they could learn.

In the active condition subjects interacted with a computer program which required ex-
plicitly selecting the strategy (ASA vs SAS) before solving the problems. The 20 problems
to be solved were presented to the subject on separate pieces of paper, one per page.
Problems in the active condition were identical to those in the passive condition (like those
in Figs. 3 and 4), with one difference: They were missing a critical piece of information
from the givens, which was necessary to solve the proof.

To solve a problem in the active condition subjects studied the problems sheet and typed
in the problem number followed by a hypothesis about the strategy (ASA or SAS) that
would correctly solve the problem. They then requested from the system the critical missing
piece of information which was necessary to solve the proof using their hypothesized
strategy. If the requested piece of information was the correct one to make the correlated
strategy complete, the subject received points and continued to the next problem. If they
were wrong, they lost points and were forced to choose a strategy again, requesting a new
piece of information. This cycle of hypothesis and information request continued until the
correct hypothesis and information was chosen. In nearly all cases this took only two
attempts. The system presented prompts for the number of the problem being solved, for
what strategy was guessed, and for what missing piece of information was requested. All
prompts were presented and responses recorded via CRT terminal controlled by a DEC

PDP11/34 computer.

Procedure

The first 10 min of the session were spent reading through a review of basic concepts in
geometry and examples of other proofs. This review was constructed from relevant sections
of a teacher's edition of Jurgensen et al. (1975). Subjects were told that they would be
solving simple geometry proofs similar to those they had solved in high school. Their task
was to become expert at solving the problems in the set that they were about to receive.
Two simple proofs were solved by the experimenter to demonstrate the level of detail
desired in the solution.

Following these instructions, subjects received a packet containing the 20 learning prob-
lems for their condition on separate sheets, randomly ordered. Subjects in the active con-
dition were taken to individual experimental rooms, each containing a computer terminal.
The interaction protocol with the computer was explained and demonstrated. Subjects were

told
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._.—.o_..o are features in the givens and the diagrams which might be helpful in
predicting which strategy will be appropriate to solve a problem. Your task is to
become an expert at solving these problems and predicting the correct solution
m.a:o.w«a It is possible to perfectly predict the solution to every problem, with
experience.

.w:v._noa in the active condition earned points for correct predictions and lost points for
incorrect predictions. Subjects in the passive condition received their packet of 20 learning
problems and were instructed how to record their answers on answer sheets. Both groups
then spent 1 h in the problem-solving phase. All problems could be solved only one way,
and all subjects completed all problems correctly. '

_u.o__cim__m completion of the problems, subjects in both conditions were instructed to sort
their 3..6..22_ problems into stacks by correct solution strategy. If subjects finished early
they were instructed to review their solutions. To ensure that subjects processed the :_nmu
dental features, specific instructions directed them to mark all the information in the given
m::o..:uam ard inferences from the givens and diagram features on the diagram before
solving the problem. Compliance was checked during the problem solving, and debriefing
vqo..ooo_m confirm that subjects were aware of the incidental features, although not neces-
sarily of their .v_.n&n:«.o value. After the subjects had completed the problem solving
sorted, and reviewed their strategies, the experimenter collected the problems and the ﬁmm
phase began.

._.. the test phase subjects made strategy judgments (ASA or SAS) for two sets of 16
c:ne presented post-test problems. Presentation order of the post-test problems was ran-
._.wa_uan for each group of subjects run. Subjects were told that they would be presented
with problems similar to those they had just solved and would have to pick a solution
strategy for these new problems. Problems were presented via overhead projector on a
screen at the front of the room. Subjects were instructed that the problems would be
presented ..o_..c=_< 5 s each and that they were not expected to be able to *‘logically’ solve
the problems in such brief time. It was suggested that they simply scan the problem features
and, based on the problems they had just solved, give their “best guess’ as to which
strategy (ASA or SAS) would be used to solve the problems.

After subjects signaled readiness, they were presented a member of the test set for 5 s.
They. .-.o.: recorded their strategy for the presented problem. After completing both test
sets, subjects answered a set of debriefing questions intended to assess the strategies used
to solve the test problems and to determine if the discriminating features were noticed.

RESULTS AND DISCUSSION

q.._.n data from the two post-tests was analyzed to assess how successful
.m:c._ona were at learning the feature—operator correlations. If the sub-
ject’s strategy response to a test problem was the same as strategy cor-
related with the majority of features in that problem, then it was scored
as a correct strategy choice. If the strategy choice was different from that
correlated with the majority of the features in the test problem, then it
was scored as an incorrect strategy choice.

Om the 16 items in each post-test, 10 (mixes 1-10) had a majority of
their features correlated with one of the two strategies. The mean num-
bers of .oo_._.nnn strategy choices for these problems are presented in Table
4 o_»mm.maa according to the two variables—active vs passive-learning
condition and incidental vs necessary features. A score of 5 would be
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TABLE 4 ) ]
Mean Number of Times Subjects Chose the Correlated Solution m.:.wpoQ in the First
Post-test (T1) and the Second Post-test (T2) in Experiment 1

Relation of feature to proof solution

Learning strategy Incidental Necessary
Cond 1 Cond 2
Ti1 T2 Tl T2
Passive X =536 4.86 X =560 5.05
* SD = 0.36 0.32 SD = 0.35 0.34
N =22 N =2
Cond 3 Cond 4
T1 T2 T1 T2
Active hypothesis testing x =59 5.90 ¥ =6.55 6.39
e SD = 0.42 0.45 SD = 0.32 0.40
N =2 N =131

Note. A score of S would be random performance; SD = standard deviation of the mean.

random choice of operators, a score of 10 would be perfect vo..mo_.awso.a.
A sign test was applied to determine whether m:E.oos performed signif-
icantly better than chance (more than 10 out of 20 :o:.a. correct over ~._.o
two tests). Both of the active hypothesis testing conditions ioqo.m.wa_n-
cantly different from chance by a sign test. By the same test, neither of
the passive conditions were significantly different from chance. .

A three-way analysis of variance using post-test (first or second), in-
cidental versus necessary features, and active versus passive hypothesis
testing as the factors was performed on post-test accuracy scores. ..—.__o
only significant variable was active versus passive 38.985 testing,
F(1,89) = 9.54, p < .01. Main effects of feature necessity, %:..mev =
1.56, p > .05, and post-test, F(1,89) = 1.76, p > .05, were not m.wa_mow_._r
nor were interactions. The ACT* theory is consistent with both the sig-
nificant effect of active versus passive hypothesis testing and the lack of
a significant effect of incidental versus necessary features.

The results of both analyses suggest that subjects only _aw:..on_ m_.o
feature—strategy correlations in the active condition. Qomm_. examination
of the pattern of results in this condition provides more evidence that the
results resemble those found in concept formation. . )

The accuracy of the 51 subjects in the active condition was examined
for the three types of test problems:

@ One-feature items: contain one feature correlated with the correct

strategy (mixes 1-4 in Table 3). )
@ Pure prototype items: contain both features correlated with the cor-
rect solution strategy (mixes 5 and 6 in Table 3).
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e Conflict items: contain two features correlated with the correct so-
lution strategy and one feature correlated with the incorrect strategy
(mixes 7-10 in Table 3).

Active condition subjects chose the correct operator for 59% of the
conflict items, 60.5% of one-feature items, and 72.5% of the pure pro-
totype items. The difference between the conflict item and the one-feature
item accuracies is not significant by ¢ test (#(49) = 0.21, p > .05), but
performance on the pure prototype items is significantly superior to per-
formance on the conflict items (#(49) = 2.26, p < .05) and the one-feature
items (#(49) = 2.21, p < .05). This suggests that accuracy is a function
of the absolute difference between correct and incorrect features. Inter-
estingly, the pure prototype item accuracy is about twice as high above
chance (50%) as are the conflict and the one-feature item accuracies.

As described earlier, ACT* theory views the discrimination process as
automatic: Successful discrimination learning does not depend on the
subject consciously identifying the contingencies. In the postexperiment
questionnaire subjects were asked what the correlations were between
features and proof strategies. Subjects in the active condition varied con-
siderably in their ability to report the contingencies. The 51 subjects in
the active condition were divided into 31 who accurately reported at least
one feature—operator contingency (accurate report group) and 20 who
failed (inaccurate/nonreport group). These groups were distributed evenly
across the two active conditions. The accurate report group chose the
correct strategy in 75% of the test problems. The inaccurate/nonreport
group chose the correct strategy in only 49% of the test problems. This
is equivalent to random performance by the inaccurate/nonreport group
and strongly suggests that conscious identification of the contingencies
is important in learning these simple rules. This contrasts with the ACT*
theory which allowed for automatic and unconscious learning.

Thus, results imply that subjects will pick up on arbitrary feature—
strategy correlations, but only if they are actively choosing that strategy
against an alternate one. This contrasts with the prototype formation
results found by Brooks (1978) and Reber (1976). Subjects in those ex-
periments simply had to observe features—category correlations of items
from poorly defined categories in order to perform better than subjects
actively trying to discriminate the categorization rule. Since there is a
small, but nonsignificant, positive effect on accuracy in the passive
learning condition it is possible that with many more presentations of
stimuli a significant effect might appear.

A prototype effect like that found in other concept formation and clas-
sification learning studies also appeared. That is, subjects are more likely

t
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to apply an operator the closer the mzcw:.o__. is to the prototype for that
operator. The next experiment pursues this issues ?2_.9”. b the
In summary, this experiment turned up results oo.__m_m”o_z wi n
ACT* theory of discrimination learning except for nq_o issue om%:.“,ﬂaw :.M
learning, where the predictions of the .=_oo..< are a.moc__ﬁ:.:...o . ' M ma. -
plications of this pattern of confirmation and disconfirmation o

predictions are addressed again later.

EXPERIMENT 2

A prototype effect was found with the Bmzo_.mv_m in mxvo_.:ﬂm:n I .H—_M
more prototypical features a problem contained, the better subjects s.ﬁmw
at solving it. However, when the v_.o:.vguo only has two mow:.:.ow i :
hard to perform any incisive tests of this v:.:o&.vo effect. mo..r_sw anc m.
is it any different than what would cm 9.2._68& m_d:_ other theories M.
discrimination learning, concept identification _om:__:w.. and schema N_ﬂ
straction? To begin to pull apart theories, operators i._:. more comp ow
feature sets needed to be examined. Our wnno_a. experiment _=<om:w»8a
two issues. First, it explored how vqo_u_oa.mc_<_1m operators are _own:ﬂa
in situations with more features and more %.v_._owc_n operators. ~“Eo: d
prototype results similar to those n.oc.:a in Experiment 1 appear w<.=..._ Bm__._ i
complex feature sets? Second, we :.:.oa:ona. an instructional in n%
dent variable; filled delay of feedback _,oww_dSm the Q.v:.oogomm o om.
erator choice. This delay of feedback m:..& with an intervening task,
shown in the literature to be influential in m::v_.o ._mw:::m tasks Awo-_.nq.“__o.
1966), could also have strong effects on acquisition of ooq.._n_Mx ski mm
Following our presentation of the new, more noiv_ox. learning %_“55&.
design, we present our explanation of and rationale for how delay

varied. o

monhﬂ. M_Mmm_mwz to manipulate problem features in a a._oa_»:_ like geometry
in a way that avoids confounding with E%E.w_ <w.._wc_8. of the ao.:w.:o.
Having established that operator abstraction can occur in wno:_o:un,i

constructed an artificial problem-solving aoB.w.: based on the mﬁm._:o ure
of the geometry proof domain used in mw:uo::..n_z 1. This new c:.m:“.
was more amenable to experimental __..w:_._u___.w:o__. Q.Eo_.oa in ﬁo.:__a ﬂ.
a maze or dungeon search game, this w:_:n._w_ domain w__oi.aa little, _-
any, transfer from previously learned semantics a.._n to :.m E.G_MB..M nQ”_c
bination of predictive features with operators. .—,_z.m permitted free moB o
counterbalance the design and controlled for prior knowledge. A_ow_.o

through the rooms of the maze could J=_< take v_woa by 9.:» A_..“_é:

forward search, without the aid of sophisticated planning behavior. b ere
was no interroom structure in the domain that could be learned »:-. _.x.uwm
sibly utilized to improve search performance. However, we emphasiz
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that, at an abstract level, deciding which move to make in a room is no
different from deciding what postulate to apply in a geometric proof.
Thus, the same issues can be addressed in this artifical domain.

The game involved progressing through a series of rooms. Each room
consisted of a set of features (for instance, a fireplace, spiders) where
various operators could be applied. Each operator transported the subject
to a new room with a new set of features. Some rooms were dead ends
from which the subject had to back out. The subject’s task was to find
the sequence of rooms which led him/her to the treasure room. Thus, he/
she had to learn which operators in a given room navigated along the
correct path and which led to dead ends. The correct operator depended
on the features of the rooms. Thus, a particular operator was only suc-
cessful in rooms that contained certain sets of features. As in Experiment
1, success depended on learning the feature—operator correlations.

Features were also included which appeared only when the subject was
beginning to search down a dead-end solution path. We wanted to see if
subjects could learn features that indicated they should give up on a path
and try some other.

In addition to varying the prototypicality of the larger feature sets, we
also manipulated feedback delay. The issue of feedback delay is inter-
esting because it gets at a common issue in problem solving. Often the
student does not learn that a choice is incorrect until later when the
problem is completed. He/she must then propagate this information back
to where the decision was made. How much impact, if any, do such delays
have on learning? The ACT* theory predicts an effect of delay because
the discrimination process only selects from features present in working
memory when feedback is given. With a delay there is a danger that the
critical information will not be in working memory. However, there are
possible benefits from making errors. A student might notice features
which indicate that the current line of problem solving is nonoptimal or
cannot lead to a solution. These features could be compiled into a pro-
duction which would reduce erroneous problem-solving attempts.

In the immediate feedback condition, when the subject applied an in-
appropriate operator it was immediately evident: The operator failed to
transport the subject to a new room in the game, a message appeared
stafing that the player had encountered a dead end, and points were
subtracted for the error. Subjects in the delayed feedback condition were
allowed to enter the incorrect room. Initially, delayed feedback subjects
would realize that they had previously picked an inappropriate operator
only after attempting to apply another forward operator in that new, in-
correct-path room. That operator would fail to transport them to a new
room and they would receive the same feedback that was received by
subjects in the immediate feeback condition. The only difference was that

~
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the delay feedback subjects received the feedback that a previous choice
was incorrect while one move down an incorrect path. The immediate
feedback condition models a very constrained teaching situation. The
student is immediately informed if he/she has made an error. The delayed
feedback condition models a less constrained teaching situation. The sub-
ject is allowed to discover his/her mistakes further into the problem
solving before getting feedback from the teacher. A third level of delay
was originally included, with two levels of incorrect search allowed before
encountering dead ends. This proved to be too time consuming for sub-
jects to finish. They characteristically got lost and spent too much time
wandering around in the incorrect parts of the maze.

The experiment took place ina single session consisting of four phases.
An instruction and introduction phase was followed by the operator mem-
orization phase. Subjects then spent from 1 to 1.5 h in the game, or
learning phase, followed by a post-test phase. The subjects were in-
structed that through experience with the maze they could learn which
of the operators would be correct at any given point in the maze.

METHOD

Subjects .

Twenty members of the Carnegie—Mellon University community served as subjects—
ten in the immediate and ten in the delay condition. Pay was $3 per hour of participation.
Subjects took an average of 2 h in the immediate feedback condition and 2.5 h in the delayed
feedback condition. A bonus of $1 was given for good performance, as assessed by the
number of points accumulated in the game portion of the experiment.

Materials

All stimuli were presented, and reponses recorded, via CRT terminal controlled by a
DEC PDP11/34 computer. After an introduction, subjects memorized the condition-oper-
ator pairs. Each pair was presented as a conditional rule relating the features to an action.
For example, Action 1 was, *'If the room has a fireplace and a roomkeeper, then bow to
the roomkeeper.” The seven condition—operator pairs are listed in Table 5 as they were
presented to the subject. Pairings of features to operator were the same for all subjects.
The function of these fixed feature—operator pairs is described later. Subjects typed the
number of the operator to communicate their choice to the program which ran the exper-
iment. The letter b was typed to communicate choice of the backup operator. These op-
erators can be thought of as general rules analogous to the general postulates of geometry.

Subjects moved from room to room (a room being a description of an indoor scene, to
be explained shortly) by selecting one of the memorized operators while in the room. At
each room there were three possible operators: two possible forward actions and the backup
action. Choosing the backup operator re-presented the prior room visited, as if the subject
backed up into the previous room. The decision between these three options was based on
the features present in the described room.

Each room has two sets of features: a set of three fixed features and a set of four
discriminating features. The set of three fixed features, displayed at the top of the room
description (see Fig. 5), combined to form the conditions for the two possible forward
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. TABLE §

Fixed Feature-Operator Pairs Used in Experiments 2 and 3
Feature pairs Associated operator
Fireplace Bow to the roomk
Roomkeeper mhecper (O
Roomkeeper Knock on the
poor door (2)

Door Wave thi

oor e wand (3)
iwma Take the stairs (4)
Stairs

Stairs Enter tu
Tunnel et

Tunnel Rub the lamp (6)

Lamp

Lamp Light the fire (7)

Fireplace

Note. The number following the action is wh j
. t at the subjects typed to communicate to the
program which operator they wished to apply. The pairings of fixed feature pair to operator

were the same for all subj i i
torcriotion, subjects. The fixed features appeared in random order in the room

MM“H”“” ImM_. that room. ._.__omn.noac_dm were elements of the conditions in the memorized
AT vo.“.ww.c_. pairs. In Fig. 5 the two operator choices for the mix of fixed features
oL an A_Eo.nE. The set of fixed features prescribes only the two possible choices
an .:M«.om..o no information about which of the two might be the correct choice.
i M....o h: mo.~ of MMM_. features presented in Fig. 5 are discriminating features. They con-
rained infors ation .:. :-o. n..vﬂom. operator choice in the room. Each subject received a
random as M_Mo:h:mﬂ “M .”mo_“”u_um:_..n hﬂs:_a..o.ovowﬂon correlations. Discriminating fea-
scribed th , inhabitants, atmosphere, and other objects in t
u..__.am._“,o..__..maﬂa.__u::w no.u:_qnw appeared in several different mixtures. .:...o E?E...o.n HMMHM
e p! _n.._<m ow.zo_z in different rooms. Descriptions and rationale for the different mi
E..._..“_”o of .._.mnm._._..“:ﬂmzu features are presented in the following section e
re is a fairly direct mapping between the structure of this ex 15.»
of ._5_ geometry oxuo_.:..n_z.. Consider the choice in Experiment “.Mo .Q..—-__”:“h”.owww_.ﬂmw._ﬁ
MAMM..» ”.Maﬁa.._u the angle-side-angle postulate in the presence of given information about
n SK omvo_.m ...-_.“ n.:%._n .%:w_.:a:oa. The side and angle congruence were the fixed features in
that experin n N mn ictated the .o_uo..dmo_. n.__omnn. The other diagram features that correlated
itk _xm“ m-.M”__oo M..”:Mno:ﬁa ﬁ“ﬂ:ﬂnaﬂ.:ﬂ -ww::au. In both experiments, subjects start
g th een the fixed features and the H
the probabilistic connection between discriminating features gﬂvmh.“”oﬁw..r%_ﬂmhm fearn

Mixtures of Discriminating Features

Each of the seven operators had a set of four discriminati

4 e se iscriminating features (room attrib
58.922_ with it. These four features made up the prototypical room huucomw.na:i”ﬂw
particular operator. There were also eight features associated with the backup operator and
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You are in a room which contains

abrick fireplace
atoul-smelling troll roomkeeper

a polished brass door

You hear wicked laughter
'ou

The room also contains hairy spiders

The room is musty and dusty

You also notice burning torches
ou

.. What do you want to do?

o Je p y P Q
—u_Q 5 mﬁ_—.— le room Q_wv—w n—O——- m*ﬂﬂ— iment No i-:- ~—=00 m-%ﬁﬁ mﬂwﬂﬁ—ﬂm at the top an

four discriminating features at the bottom.
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-—;O- —-..”:O—.- ”g-: Oo:ﬂﬂno -”nO— wﬂ-OO:O—.- > -—uﬂ—-n—c-ﬁn— earhier ets Om discriminatin,

from the same
tures were formed for each subject. All features were randomly drawn
e ". f features and sets were randomly assigned to operators. of features with varying
voM.rMmo different sets of features were combined to mo_‘.:_ :MMM_MMJ: any given room. The
i ion concerning the correct operator i ect solution
amounts oﬂ_ awoﬁnﬁu_ in Table 6. During the game phase, while e._m »M_M_ wo_u_ s
B_.z:_._o.m w.mc.”np encountered only mix 1 (two positive features wﬂwwﬁga one neutral), mix
v”po_”.w”ow ”._o._ negative feature associated with the .:acﬂo:.”:w_qﬂ_ﬂww:m mix 4 (three positive,
o » . ; itive, two , .
iti negative), mix 3 (two positive, IWO | rtial dead-end
2 three v_.Mu:M”r.ﬂMu m:m”_.o immediate feedback condition never saw .“_v.qom ﬂ..a \wo backup
one neut ix s (one negative feature for each of the two .aoqiwa ovm..w_. the correct solution
mixture, M it appeared only in room descriptions which were o and pure prototype
features) m_=o_.no .aowu.oo..a feature mix, mix 6 (four backup features), - wM__..o phase, but
v».:.. The _.Eq (all four features for the operator), were never moM_. _M.a__ﬂ_ feature mixtures
B.x:__._.nom__m__ﬂ__o post-test phase The correct response to the two dea
appeared in = -

in the post-test (mixes 5 and 6) was b for backup.

TABLE 6 ) ) 2and3
Feature Mixtures in Stimuli Used in Experiments 2 a

Feature mixtures

7

3 4 5 6

Correlated features 1 2 _ : a
2 3

Correct operator w w 2 : , . 5

Incorrect operator , . : _ . 0 “

Neutral (no operator) : : 2 0 : :

Dead end (backup operator)
Immediate feedback condition

Learning items

Delayed feedback condition rpe——

Both feedback conditions Post-test items
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The room descriptions were designed such that each operator choice is correct in two
different contexts, as defined by the three fixed features. That is, each operator required
two fixed features, A and B. By adding C or D, two contexts could be created, each with
a different competing operator.* The seven different operators thus produced 14 different
choice situations. Each of these 14 choice situations occurred eight times over the course
of the experiment, with each of the four mixtures occurring twice. This leads to 112 deci-
sions which must be made correctly in both the immediate and the delay feedback conditions
in order to complete the task. The decisions were grouped into ‘‘games’’ of four decisions
each. After four correct decisions, subjects reached the treasure room, received points for
the treasure found, and were presented with their current point total. Subjects played 28
games to see all 112 combinations.

Post-test items were constructed by combining each of the seven mixtures far an operator
with each of the 14 different action decisions (seven operators in two different contexts)
yielding 98 post-test items for each subject.

Procedure

Subjects began the introduction phase by reading a description of the game’s objectives.
The stated goal of the game was to become expert at moving through the mazes, i.e.,
selecting only operators that moved along the correct path to the treasure rooms. As mazes
were completed, points were accrued. As errors were made, points were lost. The structure
of the mazes was described as a series of rooms, each with one entrance and two possible
exits. Subjects were informed that the features in the room description defined the two
legal operators which could be used for transition through the exists and that the b key
would back them up to the previous room. The instructions explicitly stated that, through
experience, information concerning which of the operators would be correct, in any given
room, could be derived from certain features in that room.

Following an opportunity for subjects to ask questions, the memorization phase began.
The subject memorized the set of legal operators and the features which defined when they
could be used. When the subject felt that he/she had the seven condition~operator pairs
fairly well memorized (using any method or technique they wished), a double dropout test
on the pairs was given. Each pair was presented twice, once with the conditions in the
originally presented order, and once in reversed order. The 14 pairs were presented in
random order. Requiring this initial memorization of the condition-operator pairs was based
on two considerations. First, this requirement enforces the constraint that every subject
came into the learning phase of the experiment with the same minimum level of learning
of the operators. Second, theorems in the geometry domain are traditionally taught in some
rote form before they are used. Upon completion of the double dropout test, the subject
entered the game phase.

The game phase involved the subject moving through 28 games of four moves each,
making decisions at every room, with feedback concerning their current point total at the
end of every game. At each choice point (room) the selected operator, reaction time of the
operator choice, number of previous visits to that room, and other relevant data were
recorded for later analysis. )

The post-test phase began after the subject finished the 28th game. Room descriptions
were presented exactly as in the game phase, but the rooms were not connected to one
another. The subject’s task was to choose the correct operator for each of the isolated

4 For instance, in Table S the two features roomkeeper and door call for knock on the
door. By combining these two features with fireplace, the operator bow to the roomkeeper

mmw_mcvomwmc_n.u<332:5@:.«30?2:35:. :s:&,g_.ocvoao_.!ne:?!a:&w
also possible. !
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nted. Their operator choice was recorded for each presented room description.

rooms prese
s of the operator selection.

No feedback was given regarding the correctnes
RESULTS AND DISCUSSION

Table 7 presents the mean accuracy scores and percentage correct from
Experiment 2 classified by feature mixture (mixes 1-7, listing the number
of constituent features correlated with different operators) and condition
(immediate vs delayed feedback). Incorrectly choosing the backup op-
erator for mixes 1-4 and 7 accounted for 8.3% of the errors in the delay
condition. Subjects in the immediate feedback condition never had to
back up, and consequently never used ‘‘backup’ as a response in the
post-tests. The backup errors were excluded from the analysis of variance
computations in order to compare performance on erroneous forward
moves only.

We performed a three-way analysis of variance on the accuracy scores
from mixes 1-4 and 7. The factors were feature mixture, operator, and
feedback delay. The only significant main effect found was due to mix-
ture, F(4, 72) = 6.78, p < .0001. Post-test accuracy between immediate
and delayed feedback conditions showed no significant differences, F(1,
18) = 0.81, p > .05. The overall post-test accuracy for mixes 1-4 and 7
was 65.3% for the immediate feedback condition, while it was 70.6% for
the same mixes in the one-delay condition. There were no significant
interactions.

Performance on mixes 5 and 6 for the delay group shows low accuracy
with high standard deviations. If delay subjects are partitioned into those
that never used the backup response during the post-tests and those who
did, an interesting result emerges. The mean percentages for the delay

group subjects who used the backup response (six subjects) for mixes 5

and 6 were 61.9 and 85.7%, respectively. Random performance would

yield 33.3% accuracy. This finding implies that subjects in the delay con-
dition were very good at detecting situations where they should stop
following the current line of search and back up.

Significantly better performance on feature mixes with more correlated
features supports the hypothesis that prototype exemplars are learned
more accurately than nonprototypic exemplars, as found in Experiment
1. Given 16 exposures to different mixes of features, the percentage ac-
curacy of the performance on test items is similar to that found in the
active/necessary condition of Experiment 1.

We were somewhat surprised to find no significant effect of feedback
delay in Experiment 2. The general hypothesis is that delay subjects are
less likely to associate features with operators. The effect is cumulative.
If p is the difference in probability of association between the immediate
and delay conditions, and the number of opportunities for association is
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TABLE 7
Post-t, iati
est Accuracy Means, Standard Deviation of the Mean, and Percentage Correct by Feature Fixture from Experiment 2

Feedback condition

Number of features

Immediate

Delay

n=10

SD

(0.78)
(0.81)

10

Dead

% Correct

% Correct

Pos Neg Neut end sD
(0.70)
0.57)

Mix

60.0
70.0
65.7

(1.00)
(0.80)
(1.81)
(2.03)
(0.63)

8.4

9.8
9.2
10.3

60.0
58.6
64.2

(0.68)
0.73)

0
0)

8.4
8.2
9.0

9.5

73.6

67.9

37.1
51.4

52
7.2

11.7

83.6

75.7

(0.96)

10.6

Note. Mean scores represent performance out of 14 possible correct.
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EXPERIMENT 3
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METHOD

Subjects . o . -

Subjects were 25 members of the Carnegie-Mellon c:..<o_.m=< oo...::_:_.:.“._. ﬂﬁaﬂﬂﬂhﬂo
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h”-:&:o: and 12 in the delay condition. Sessions lasted from 2 to 2°2h, 0

days.

Materials and Procedure
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told that they would be 3::::.5@ in a maze _._8. t
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RESULTS AND DISCUSSION
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operator for mixes 1-4 and 7 accounted for 16.4% of the Day 1 err
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and only 4.8% of the Day 2 erros in the delay condition. Subjects in the
immediate feedback condition never had to back up, and consequently
never used *‘backup’’ as a response in the post-tests. The backup errors
were excluded from the analysis of variance computations in order to
compare performance on erroneous forward moves only. Thus, the anal-
ysis of variance was performed on percentage correct of the forward
moves.

The primary result of Experiment 3 was that extended practice had an
effect on accuracy between delay conditions. There was no significant
difference between accuracy in the immediate and delay conditions after
the first day of practice, F(1, 22) = 3.31, p > .05. After the second day
of practice subjects in the immediate feedback condition were signifi-
cantly more accurate than those in the delay conditions, F(1, 22) = 4.53,
p < .05. There was also a main effect for feature mixture, as in Experi-
ments | and 2, F(4, 88) = 13.82, p < .0001. No interactions proved to
be significant.

As in Experiment 2, performance on mixes 5 and 6 for the delay group
on both days shows low accuracy with high standard deviations. If delay
subjects are partitioned into those who never used the backup response
during the post-tests and those who did, a result very similar to that found
in Experiment 2 emerges: The mean percentages for the group which
used the backup response for mixes 5 and 6 were 56.4 and 90.0%, re-
spectively, on Day 1 (seven subjects) and 68.6 and 90.7%, respectively,
on Day 2 (nine subjects). Random performance would yield 33.3% ac-
curacy. This finding implies that subjects in the delay condition were very
good, even on Day 1, at detecting situations where they should stop
following the current line of search and back up.

Significant differences also appeared in the pretest data analysis. The
accuracy means and percentage correct for the pretest on Day 2 are
presented in Table 9. We performed a three-way analysis of variance on
the accuracy scores of the pretest from mixes 1-4 and 7. The factors
were feature mixture, operator, and feedback delay. Significant main ef-
fects were found for mixture, F(4, 72) = 5.31, p < .001, and feedback
condition, F(1, 18) = 5.82, p < .05. The overall post-test accuracy for
mixes 1-4 and 7 was 53.4% for the immediate feedback condition, while
it was 44.7% for the same mixes in the one-delay condition. There were
no significant interactions. Subjects are below 50% in the delay condition
because of intrusions of erroneous backup responses.

The negative effect on forward move accuracy in the delay condition
of the post-test is also consistent with the predictions of ACT* theory.
The relevant features for discrimination are not in working memory when
the correct forward move is chosen after backing up into a room in which
the wrong move was previously chosen. This could be due to forgetting

~
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Note. Mean scores represent performance out of 14 possible correct.

TABLE 8
Post-test Accuracy Means, Standard Deviation of the Mean, and Percentage Correct by Feature Mixture for Both the First and Second Day Post-test
from Experiment 3
Number of features ’ Feedback condition
Immediate Delay
n=13 n=12
Dead
Mix Pos Neg Neut end X SD % Correct X SD % Correct
* -
Day 1 g
1 2 1 1 0 8.1 0.52) 51.7 7.8 (0.82) 55.4 z
2 3 1 0 0 9.5 (0.50) 68.1 7.8 0.59) 55.4 >
3 2 0 2 0 10.3 (0.58) 73.6 9.1 (0.70) 64.9 Z
4 3 0 1 0 11.8 (0.36) 84.6 9.4 (0.83) 67.3 o
s 1 1 0 2 0 © 0 4.7 (1.38) 333 Z
6 0 0 0 4 ) (V)] 0 73 (1.91) 524 g
7 4 0 0 0 11.9 (0.50) 85.2 10.2 (0.76) 72.6 2
Day 2 S
1 2 1 1 0 10.2 (0.67) 73.1 9.0 0.71) 64.3
2 3 1 0 0 12.2 (0.50) 87.4 10.2 0.71) 72.6
3 2 0 2 0 114 (0.56) 81.3 10.3 (0.82) 73.8
4 3 0 1 0 12.9 (0.39) 92.3 10.9 (0.83) 78.0
-5 1 1 0 2 0 ©) 0 7.2 (1.65) 51.2
6 0 0 0 4 0 ©) 0 9.3 (1.75) 66.7
7 4 0 0 0 13.5 0.21) 98.4 11.3 (1.03) 81.0
Note. Mean scores represent performance out of 14 possible correct.
TABLE 9
Pretest Accuracy Means, Standard iati
y Means Deviatior. of the Mei;rns and Percentage Correct by Feature Mixture for the Second Day Pretest =
m Experiment 3 g
Numbe! >
umber of features Feedback condition ;
immedte peiy 5
. Dead - n=10 =]
Mix Pos Neg Neut end x SD % C . — z
’ ) . ; o Lorrec x sD % Correct 9
0
2 3 " 0 ss 0.48) 41.1 57 0.50) 40.7 e
3 2 0 5 7.7 0.42) 55.0 5.8 (0.50) 4.4 m
4 3 0 | o e POt 500 6.0 (0.49) 2s 5
5 1 1 0 2 0 o o 6.7 ©.47) as g
6 0 0 0 4 0 0 3.1 (0.47) 22.1 o
7 © 0 5.4 @
4 0 0 0 8.2 ©0.34) (0.50) 38.6 o]
: : 58.6 7.1 (0.46) 50.7 &
2
>
-
>
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caused by the delay or interference from the intervening operator choices.
This is also consistent with the reports of some subjects’ behavior in the
delay condition. After they had backed up into the previous room they
simply chose the other operator (the one which they did not choose the
first time) without reevaluating the features present in that room. How-
ever, the delay subjects did learn something that the immediate subjects
did not: the features that indicate that a room is a dead end.

While this result of feedback delay decreasing accuracy needs to be
replicated, it has important possible implications for choice of tutorial
strategy and implementation of computer-based tutors (Anderson, Boyle,
Farrell, & Reiser, 1984). An important issue in tutoring problem solving
is whether to give feedback immediately when the student makes a wrong
move or to wait and let the student discover his or her error by hitting a
dead end. The results of this experiment have two implications for this
issue: First, a student will learn correct moves faster if he/she is given
immediate feedback—which does not correspond with everyones intu-
ition. Second, the student will learn to recognize dead ends better if he/
she is allowed to encounter them—which seems more intuitive. These
issues are discussed at greater length in the conclusion section.

Modeling Experiment 3 as a Classification Task

A major claim of this paper is that abstraction of operator schemata is
similar to concept formation or classification learning. Performance in
Experiments 1-3 is qualitatively similar to previous concept-learning and
categorization results: These similarities lend strength to this claim.
Quantitative similarities of this study to an analogous classification study
would strengthen the claim further. This is the motivation for developing
a model of Experiment 3 as if it were a classification study. The stimuli
actually seen by subjects in Experiment 3 are used as classification items
for a mathematical model of classification learning. This models Exper-
iment 3 as if subjects were learning to classify rooms into categories,
instead of learning to pick the correct operator for each room. The goal
of this modeling is to be able to compare the observed data from Exper-
iment 3 to predictions that a model of classification learning would make
for the exactly the same data. .

An item-based mathematical model of classification learning, devel-
oped by Medin and Schaffer (1978), was chosen because it is both rep-
resentative of a class of instance-based models, and it has done well in
contrasts with a variety of different types of classification models. The
essence of the model is that a preceding stimulus is retrieved from
memory to classify a new stimulus. The new stimulus is categorized as
being in the same category as the retrieval stimulus. The probability of
retrieving a particular item is the ratio of its similarity to the test item
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o<~n_. 30 m==.==aa m:::m_.s of all past items. The probability of classifying
wsoowpm “n._.“w into w.m.<o= category is a ratio of the summed similarities of
items in that category over the summed similari i i
iy ed similarity of items in all
, .H.__o similarity .d&imo: two items is computed according to the fol-
~M§.=w rules. > m.i._w:Q value of 1 is assigned for each feature on which
_ e items are ao.__:ow_ and a similarity value (parameter to be estimated)
-”M_ M__.._wM hn_w wmm_w-__ma for each mismatched feature. The overall similarity
. ween the two items is the product of t imilari
for individual features. P hese similarity values
The Mqo._um.c_:.:\ of oo_.nmﬁ_< classifying the item is the ratio of the
summed similarity of the item to-all previously presented items in the
appropriate .omﬁowo..%uoﬁwq the similarity of that item to all items, both
M«MJGQ and incorrect. In the case where the subject is choosing between
0 mm:oww:a.m. >.w=a B, this probability for the immediate feedback
condition is given in Egs. (1) and (2).

summed similarity to A
summed similarity to A and B

Pcorrect choice A =

(¢
or

M —..— Ojj

ieA
_ )

M :c..\

ieA or B

Pcorrect choice A =

where A is m_.o correct category and B is the incorrect category. In E

(2), o; = 1 if the jth feature of the ith item is the same as the nm,z :n”a.
m.nw:_no and o; = a; < 1 otherwise. In the delayed feedback condition it
is necessary also to consider the similarity of the test stimulus to backup

stimuli studied. Th i us to bac
in Eq. (3): e equation for the delayed feedback condition is given

summed similarity to A
summed similarity to A, B, and backup stimuli’

This model was used in an analysis of the post-test data
1 and Day 2 om mxmuo::.o_: 3. The &B:w:?v&. each item mﬂ...w__.:o_”uﬂ“.”bnﬂm
mo every learning item that was relevant to the operator choice for that
item was computed. This includes the re-presentations of rooms if the
subject had 8. back up and go through a previously visited room. For
example, consider a post-test item in the immediate feedback no:mm:oa

Pcorrect choice A =

(3

3 For a complete description of the model, see Medin and Schaffer, 1978.
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which required the choice between operators 1 and 2, with 1 as the correct
choice. (This choice will be referred to as (1,2), where the first number
in the parentheses always represents the correct choice.) To find the
probability of correctly classifying this item we computed the similarity
of the test item to all the items where 1 was the correct operator, namely
the (1,2) and (1,7) items. We also computed the similarity to all the items
where 2 was the correct operator: the (2,1) and (2,3) items. The proba-
bility of correctly selecting the operator for the item then is given in

Eq. (4):
summed similarity to all
(1,2) and (1,7) stimuli @
summed similarity to all the’
1,2 (1,7) 2,1) (2,3) stimuli

These similarities were then averaged across operators and across sub-
jects within a feedback condition. The assumption was made that all
similarity parameters (i.e., the a)) were equal for all features. The values
of similarity parameters for the features were set by tuning the model to
the best root mean squared error fit to the data. The values for the feature
similarity parameters were estimated at .44 for the immediate and .28 for
the delay conditions for the first-day model fits and .25 for both the
immediate and the delay conditions for the second-day model fits. These
parameter estimates imply that the confusability or similarity among dif-
ferent features decreases from Day 1 to Day 2—which seems intuitive.
However, the difference on Day | implies that the features are more easily
confused in the immediate condition—which does not seem intuitive.
Despite this parameter difference, performance was worse in the delay
condition due to erroneous backup responses.
The predicted and observed results are presented for both immediate
and delay conditions in Fig. 6 for the first day’s post-test and Fig. 7 for
the second day’s post-test data. Overall, the fit for the immediate and
delay conditions is reasonably good. Quantitative comparisons of good-
ness-of-fit are discussed in a later section.

Pcorrect choice |

Modeling Experiment 3 with Hypothesis Testing

Based on retrospective protocols from several subjects in Experiment
3, we generated a second, rather different simulation of discrimination in
this task. This model is similar to the hypothesis testing model proposed
by Levine (1966). The model is based on a conscious generation and test
of discriminating features with restricted replacement of features sam-
pled. When presented with a new stimulus item, the simulation checks

ave been learned as predictors of either can-

the features to see if any h:
didate operator for the stimulus. The number of features associated with
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each operator is summed and the operator with more ‘‘votes’’ is selected.
If there is a tie between number of votes for each operator, or no features
in the stimulus have been learned (as is the case early in the task), then
the simulation randomly selects one of the two operators.

Feedback following the choice informs the simulation whether the
choice was correct or incorrect. If the choice was correct, then nothing
changes. The correlations of features to operators remain the same. If
the feedback is negative, then the simulation picks any feature which is
still unlearned (i.e., has no operator correlated with it). This unlearned
feature is then learned as predictive of the appropriate operator with
estimated probabilities of .525 in the immediate condition and .345 in the
delay condition. These probabilities of successfully memorizing the cor-
relation of a feature with an operator come from tuning the simulation to
fit the observed data from Experiment 3.

If no unlearned features exist, then the simulation randomly selects a
feature which is either learned as predictive of the wrong operator or is
currently correlated with an operator which is not one of the two valid
candidates for the given stimulus. That feature is then relearned as pre-
dictive of the appropriate operator, with a probability of success, again,
of .525 and .345 for the immediate and delay conditions, respectively.
The effect of randomly relearning feature—operator correlations is that it
provides opportunity to change learned correlations that may have been
erroneously learned.

There are two observations to note about these parameters. First, the
probability is lower in the delayed condition to reflect the lower proba-
bility of putting the feature and operator together at a delay. Second,
there is just one parameter for both Day 1 and Day 2. The higher perfor-
mance on Day 2 is due to the greater opportunity to have formed the
correct feature—operator correlations.

The results of the hypothesis testing model are also presented in Figs.
6 and 7. The fit of the hypothesis testing simulation to the data is quite
good and similar to the results predicted by the Medin and Schaffer
model. A discussion of the goodness-of-fit for these models follows.

Comparing the Models’ Fits to the Data

Given the post hoc nature of the hypothesis testing model, we cannot
make strong claims regarding its general predictive value. However, the
difference in fit of the two models to the data may still be of interest.
The predictions of both models depend on estimating a set of independent
parameters. In the case of the Medin and Schaffer model, one parameter
was estimated for each of the conditions on each day: Day 1-delay, Day
2-delay, Day l-immediate, and Day 2-immediate. Just two parameters
were estimated for the hypothesis testing model—one probability for the
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delay and one for the immediate condition. In all cases the best fitting
vmqwmsnpo.. was obtained by a simple grid search of parameter values,
_oow_zm for the parameter that gave the best fit to that subset of the data
which that parameter predicted. Predictions were obtained for the Medin
w:a.mnrwm.ow model by mathematical calculation and for the hypothesis
testing model by Monte Carlo simulation. The degrees of freedom for the
models are the total number of observations, 20, minus the number of
parameters estimated. So there are 16 degrees of freedom in the Medin
and Schaffer model and 18 in the hypothesis testing model.

A..ro x? statistic was used to evaluate whether the two models differ in
their mqo&n:é power. x* values were computed for observed mean fre-
quencies of correct and incorrect responses to the predicted mean fre-
quencies for the those responses. The results, presented in Table 10,
..m<am_ that only the hypothesis testing model’s predictions are not sig-
nificantly different from the observed data. The total x? for Medin and
mnj.w@aq is 36.82, while it is just 20.84 for the hypothesis testing model.
This is despite the fact that the hypothesis testing model has more degrees
of freedom.

Also note that the hypothesis testing model was able to predict the data
across both days with single parameters, in contrast to the Medin and
mnw_wmwa.. model needing different parameters for each day. This is possible
evidence that the effect of extra days is just to give more opportunities
to form and test hypotheses which correctly associate features to oper-
ators. A:o. major problem with the Medin and Schaffer model concerned
its prediction of a steeper prototypicality function for the delay conditions
m_.mz was obtained. In the Medin and Schaffer model, poorer performance
is 8:.6_22_ with stronger prototypicality effects. In the data, just the
opposite is the case. The observed difference between mix 7 and mix 1
in n__w.a»:- was 17% in the delay condition and 26% in the immediate
o..=.a.=o=. Medin and Schaffer predicted 24% difference in the delay con-
a.:cm. and 22% in the immediate condition. The hypothesis-testing model
predicts effects of 15% in delay and 24% in the immediate condition.

TABLE 10
Goodness-of-Fit Measures for Predicted to Observed Data for Experiment 3
Correlation
X )
Comparison Day 1 Day 2 Day 1 Day 2
Medin and Schaffer to observed 20.58 16.24 922 .962
Hypothesis testing to observed 8.75 12.09 974 .963
Hypothesis testing to Medin and Schaffer — —_ 952 .986

~
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The Medin and Schaffer model was not developed ﬂ.o woooc_”_.n m“.no M””
straction of problem-solving schemata but rather A.um simple o__.uo_“".:onn_
cepts. It is an open question, co«é:.a the scope of this kuo“._i ic \model
would do better if similar experiments were vo._.mo::o —._5 omn :Ma
learning. Recently, Dulany, Carlson, and Umi@ (in v..o_mmv wwoozm.w d
for conscious hypothesis testing when applied to one class of ¢ p
learning experiments.

GENERAL DISCUSSION

We have argued that people form mo_-o:_w:w__. for oaowm“ﬂ_..m MM«_M_?HM
imi for objects. To support this
similar to the schemata they form ( view three
i i light on several questions
udies were performed which shed some light on s¢ t
m_pﬁ process ow.oouo_.ﬁo_, abstraction and its similarity to schema abstrac
ion for objects. o )
:o> annhnomcz of the studies reported here w__m m_.ﬂ__wq noeﬂwh_wo”“wm_ﬂw
i ion: Prototypicality of exem|
ments studying concept formation ! e e
i f operator selection. All three stu )
predicts the accuracy 0 or sele i th tudics Jo e
dictive information in a sti , t
the greater the amount of pre ¢ IS e g
tely selecting the correct ope . .
greater the chance of accuratel L P et in
t 3 revealed that the pe
odels to the data from Expeniment rformance
“-_._o experiment could be well predicted by models of discrimination
_nwhn:h”w.»%oﬁw of the ACT* theory of discrimination .io:ww ow_._,m_.amnu
it failed in i i tomatic discrimination. Rather, §
but it failed in its assumption of au o, B hance
j f their hypotheses to perform er tha
jects had to be aware of th 4  better e ode]
i i t 3, a deliberate hypothes
in Experiment 1. In Experiment 5, . S .
i i d be simulated by a set of p!
esults quite well. This model coul . .
m“w:M in >Oﬂ* that formed and remembered declarative __wvmﬁwwmw %%“.n_”
i i i vever, this is quite di
e open to conscious inspection. However, . .
w__ho >vm._.* discrimination mechanism that _owm.wmwwmwﬁ:o:www vM.m_”M_.s“o.
i i i derson as
t{ open to conscious inspection. >.= T 3 .
uwmo_wwm ACT* in which discrimination is a conscious E.w.onwwcﬂmoﬂw_ﬂﬁm
i rt reviewed a series of re
on declarative memory. That report r . jes of resulls WO
i i i tion learning (discriminatio g
called into question automatic produc i ; or 8o
izati isi i ACT?* theory or indeed any
eralization) as envisioned in the
induction that was not strategy 823__0“..“ That w»ﬂo_. %wowwwmm M”.MM .n:%.__.”
iscrimi i Id be acquired a:
discriminate general productions could . o s
ili i of forming declarative hypotheses. ,
piling the conscious process ne ) theses. ent of
i i nce promoting re
this research is one further piece of evidel S .
i ic i i Iso Dulany et al., in press).
the notion of automatic induction (see a . )-
summary, the research in this paper supports the following conclusions

1. People can learn the correlations between operators and surface
features—i.e., people can learn operator schemata.
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2. Operator schemata lead to prototypicality effects just as found with
object schemata.

3. Operator schemata are only formed when subjects actually incor-
rectly apply their operators and get feedback as to their errors.

4. The learning of feature operator correlations is inhibited by delay of
feedback filled with intervening problem solving.

This research has investigated variables which affect operator discrim-
ination and tuning. This is also a major goal in education: How can ed-
ucators improve the speed and accuracy of students who are learning to
apply operators in problem solving?

The role of active hypothesis testing for learning simple operators
seems clear. A student who is actively looking for correlations of features
with solution strategies appears to learn the discriminating correlations
more accurately than one who is passively observing the features of the
problem. Other research suggests that the reason for acquiring operator
schemata or learning problem structure is that resources are available to
notice these patterns and correlations of problem structure to solution
strategies. Keeping students actively involved while solving examples of

what will be typical problems and pointing out the important features
which predict solution strategy is a pedagogical practice which the find-
ings reported here support.

The results of Experiment 3 imply that performance on forward move
selection is better if practice applying operators occurs with immediate
feedback. Delay of feedback lowered accuracy on forward move selec-
tion, but these subjects were also quite accurate at detecting when to
back up. An operator which indicates when to give up on a solution path
is desirable when solving challenging novel problems. Subjects in the
immediate feedback condition, although significantly more accurate at
selecting forward moves, might flounder if allowed to move off of the
correct solution path. They lack the tuned backup operators learned by
subjects who encountered the more complex delayed feedback domain.
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